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Abstract. Here we prove a global existence theorem for sufficiently small however
fully nonlinear perturbations of a family of background solutions of the ‘n + 1’
dimensional vacuum Einstein equations in the presence of a positive cosmological
constant Λ. The future stability of vacuum solutions in the small data and zero
cosmological constant limit has been studied previously for both ‘3 + 1’ and higher
dimensional spacetimes. However, with the advent of dark energy driven accelerated
expansion of the universe, it is of fundamental importance in mathematical cosmology
to include a positive cosmological constant, the simplest form of the dark energy for
the vacuum Einstein equations. Such Einsteinian evolution is here designated as the
‘Einstein-Λ’ flow. We study the background solutions of this ‘Einstein-Λ’ flow in ‘n+1’
dimensional spacetimes in constant mean curvature spatial harmonic gauge, n ≥ 3 and
establish both linear and non-linear stability of such solutions. In the cases of number
of spatial dimensions being strictly greater than 3, the finite dimensional Einstein
muduli spaces form the center manifolds of the dynamics. A suitable shadow gauge
condition [7] is implemented in order to treat these cases. In addition, the autonomous
character of the suitably re-scaled Einstein flow breaks down as a consequence of
including Λ(> 0). We construct a Lyapunov function (controlling a suitable norm of the
small data) similar to a wave equation type energy for the non-linear non-autonomous
evolution of the small data and prove its decay in the direction of cosmological
expansion. Our results demonstrate the future stability and geodesic completeness
of the perturbed spacetimes, and show that the scale-free geometry converges to an
element of the Einstein moduli space (a point for n = 3 and a finite dimensional space
for n > 3), which has significant consequences for the cosmic topology while restricting
to the case of n = 3.
Since the Einstein equations formulated as a Cauchy problem leave the spatial
topology of the universe unrestricted, a natural question arises whether one may
constrain the topology through studying the dynamics of the Einsteinian evolution,
while also satisfying the cosmological principle. Recent articles [13, 14] unfolded such a
possibility i.e., a dynamical mechanism at work within the Einstein flow (both with
and without Λ) which strongly suggests that many closed 3-manifolds that do not
admit a locally homogeneous and isotropic metric at all (and thus are incompatible
with the cosmological principle) will nevertheless evolve under Einsteinian evolution
to be asymptotically compatible with the observed, approximate, spatial homogeneity
and isotropy of the universe. Results of these studies, based on the monotonic decay
of a weak Lyapunov function namely the reduced Hamiltonian, suggested that a 3-
manifold of negative Yamabe type, if it contains parts supporting hyperbolic metrics
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Einstein-Λ flow 2
in its connected sum decomposition, will be volume dominated by these hyperbolic
components asymptotically by the Einstein flow (Einstein-Λ flow for Λ 6= 0). On
the other hand, if one takes the cosmological principle literally, the so-called FLRW
model restricts the choice of global spatial topology of the universe to a small
set consisting of negatively curved hyperbolic space H3, flat Euclidean space E3,
positively curved 3-sphere S3 with its canonical round metric and its two fold quotient
PR3 = S3/Z2. However, the astronomical observations that motivate the cosmological
principle are necessarily limited to a fraction (possibly small) of the entire universe and
such observations are compatible with spatial metrics being locally but not globally
homogeneous and isotropic. Once the restriction on the global topology is removed,
numerous closed manifolds may be constructed as the quotients of H3,E3, and S3
by discrete, proper, and torsion free subgroups of their respective isometry groups,
with each satisfying the local homogeneity and isotropy criteria but no longer being
globally homogeneous or isotropic. In order for these topologically rich spatially compact
spacetimes to be possible candidates for the cosmological models, it is crucial to study
the asymptotic behaviour of the fully nonlinear perturbations of these models. Non-
linear stability of these spacetimes clearly opens up the possibility for the universe
to have an exotic spatial topology. In this paper, we study the linear (which acts
as a motivation towards studying non-linear stability) and non-linear stability of the
spacetimes with spatial part being negative Einstein for the cases of n ≥ 3 (hyperbolic
for n = 3). However, we will assume certain smallness condition on the fully nonlinear
perturbations.
The family of background solutions (asymptotic spacetimes of the Einstein-Λ flow)
designated as ‘conformal spacetimes’ (due to the fact that each of these spacetimes
admits a timelike conformal Killing field) with the spacetime topology R×M (M being
the spatial manifold) in constant mean curvature spatial harmonic gauge (CMCSH),
may be written in the following warped product form
ds2 = − n
2
(τ 2 − 2nΛ
n−1)
2
dτ 2 +
1
(τ 2 − 2nΛ
n−1)
γijdx
idxj,
where γ is an Einstein metric satisfying Rij(γ) = −n−1n2 γij and τ ∈ (−∞,−
√
2nΛ
n−1) is
the mean extrinsic curvature of M in the globally hyperbolic spacetime on R×M . For
the special case of n = 3, the negative Einstein spaces are hyperbolic i.e., the Einstein
moduli space reduces to a point. In the limit of Λ = 0, [7] calls these spacetimes the
Lorentz cone space times. Stability of these ‘3+1’ Lorentz cone spacetimes was proven
by [15] utilizing the Bel-Robinson energy. In the more general setting of n > 3, a finite
dimensional space of Einstein metrics provides the ‘center manifold’ towards which the
re-scaled spatial metric is flowing in the limit of infinite cosmological expansion. [7]
proved the stability of these background solutions by invoking a so called shadow gauge
condition and later utilized a wave equation type of energy for the sufficiently small
however fully nonlinear perturbations. This energy acts like a Lyapunov function for
these perturbations (and, in particular vanishes at fixed points), which is defined to
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control the desired norm of perturbations. In the case of the ‘2+1’ Einstein flow on
R × Σgenus with genus > 1, Teichmu¨ller space plays the role of the Einstein moduli
space and special techniques [3, 12] were used to study the global existence (by utilizing
the properness of the Dirichlet energy functional defined on the Teichmu¨ller space).
Recently [9] studied the Lyapunov stability of these background solutions including a
positive cosmological constant. However, in order to establish the ‘attractor’ property
of the background solutions, it is necessary to prove their asymptotic stability. [1, 14]
constructed a reduced phase space as the cotangent bundle of the higher dimensional
analogue of the Teichmu¨ller space and obtained the following true Hamiltonian of the
dynamics while expressed as a functional of the reduced phase space variables through
a conformal technique
Hreduced :=
2(n− 1)
n
∫
M
∂τ
∂t
µg. (1)
They have shown that the reduced Hamiltonian acting as a Lyapunov function decays
along certain solutions of the Einstein equations and achieves its infimum precisely for
the background Lorentz cone spacetimes (conformal spacetimes for Λ 6= 0). Such a
property provides a notion of the stability of these background solutions for arbitrarily
large perturbations. However, the Lyapunov function only controls the H1×L2 norm of
the reduced data and therefore, such a notion of stability is weak. Motivated by these
results, we intend to study the stability of these background solutions for sufficiently
small fully nonlinear perturbations in the case when a positive consmological constant is
included in the Einstein equations. A subtlety is that the properties of the wave equation
type energy exploit the information about the lowest eigenvalue of the Lichnerowicz type
Laplacian (acting on the space of symmetric (0,2) tensors on M , that is, S02(M)) which
enters into the evolution equation.
In this paper, we consider the complete generality of the problem in a framework
of sufficiently small however fully nonlinear perturbations of the background solutions.
However, the inclusion of a positive cosmological constant introduces several seemingly
restrictive features of the field equations. A few examples may be seen as follows. In
the CMCSH gauge, the vacuum Einstein equations with Λ = 0 are non-autonomous
due to the fact that the mean extrinsic curvature acting as time explicitly appears in
the equations. However, after a suitable rescaling, the equations can be made to be
autonomous. In the presence of a nonzero Λ, such a property is lost. This is one
of the major differences from the case of Λ = 0. Nevertheless, one may still obtain
estimates necessary to prove the decay property of a suitably defined Lyapunov function
by introducing a Newtonian like time co-ordinate and carefully utilizing the behaviour
of the explicitly time dependent terms. This subtlety does not arise in the case of
vanishing cosmological constant. The Lyapunov function for small data is constructed as
a wave equation type energy with an explicitly time-dependent (mean extrinsic curvature
dependent) term. In addition, we invoke the shadow gauge in order to handle the
nontrivial moduli space (such moduli space is assumed to have a smooth structure and
be stable). In summary, the structure of the paper is the following. We start with
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the gauge fixed Einstein-Λ equations and state the necessary theorems ensuring local
well-posedness of the Cauchy problem. Next, we move on to computing background
solutions and study their linear stability. After obtaining a series of estimates utilizing
the elliptic equations arising as a result of gauge fixing and imposing the shadow gauge
condition, we construct a time-dependent Lyapunov function for the small data. In
the last part, utilizing the obtained estimates, we prove the monotonic decay of the
constructed energy functional (which vanishes only for background solutions) thereby
establishing the asymptotic stability of the background solutions.
1. Notations and facts
We denote the ‘n+ 1’ dimensional (n ≥ 3) spacetime manifold by M˜ with its topology
being R × M , M being the n-dimensional spatial slice diffeomorphic to a Cauchy
hypersurface. The space of Riemannian metrics on M is denoted by M. M−1 is
defined as follows
M−1 = {g ∈M|R(g) = −1},
with R(g) being the scalar curvature associated with g. Rijkl[g] and Γ[g]
i
jk denote the
Riemann curvature and connection coefficients with respect to the metric g, respectively.
In terms of the function space of fields (metric, second fundamental form etc.), we work
in the L2 (with respect to a given fixed background metric) Sobolev space W s,2 for
s > n
2
+ 1, also denoted by Hs. We denote the L2 inner product between two 2-tensors
on M with respect to a background metric γ as
< u|v >L2=
∫
M
uijvklγ
ikγjlµg
and the inner product on derivatives as
< ∇[γ]u|∇[γ]v >L2 =
∫
M
∇[γ]muij∇[γ]nvklgmnγikγjlµg,
where µg is the volume form associated with g ∈M
µg =
√
det(gij)dx
1 ∧ dx2 ∧ dx3 ∧ ......... ∧ dxn.
Abusing notation, we use µg to denote both the volume form as well as
√
det(gij).
The rough Laplacian ∆g,γ acting on a vector bundle (symmetric covariant 2-tensors are
sections of this bundle) over (M, g) is defined as
∆gγhij := − 1
µg
∇[γ]m(gmnµg∇[γ]nhij). (2)
This rough Laplacian is self-adjoint with respect to the L2 inner product on covariant
2-tensors. Using the rough Laplacian, a self-adjoint Lichnerowicz type Laplacian which
will be crucial later is defined as follows
Lg,γhij := ∆g,γhij − 2R[γ]i k j lhkl. (3)
We may sometimes drop the Sobolev index to simplify the notation. The reader is
expected to assume the function space for (g, k,N,X) to be Hs ×Hs−1 ×Hs+1 ×Hs+1
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with s > n
2
+ 1 as the available local existence theorem requires the data to lie in this
specified function space. The Laplacian ∆g is defined so as to have a non-negative
spectrum i.e.,
∆g ≡ −gij∇i∇j. (4)
For a, b ∈ R>0, a . b is defined to be a ≤ Cb for some constant 0 < C < ∞. The
spaces of symmetric covariant 2-tensors and vector fields on M are denoted by S02(M)
and X(M), respectively.
2. Field equations and gauge fixing
The ADM formalism splits the spacetime described by an ‘n+1’ dimensional Lorentzian
manifold M˜ into R ×M with each level set {t} ×M of the time function t being an
orientable n-manifold diffeomorphic to a Cauchy hypersurface (assuming the spacetime
to be globally hyperbolic) and equipped with a Riemannian metric. Such a split may
be implemented by introducing a lapse function N and shift vector field X belonging
to suitable function spaces and defined such that
∂t = Nnˆ+X (5)
with t and nˆ being time and a hypersurface orthogonal future directed timelike unit
vector i.e., gˆ(nˆ, nˆ) = −1, respectively. The above splitting puts the spacetime metric gˆ
in local coordinates {xα}nα=0 = {t, x1, x2, ...., xn} into the form
gˆ = −N2dt⊗ dt+ gij(dxi +X idt)⊗ (dxj +Xjdt) (6)
where gijdx
i ⊗ dxj is the induced Riemannian metric on M . In order to describe
the embedding of the Cauchy hypersurface M into the spacetime M˜ , one needs the
information about how the hypersurface is curved in the ambient spacetime. Thus, one
needs the second fundamental form k defined as
kij = − 1
2N
(∂tgij − (LXg)ij), (7)
the trace of which (τ = gijkij, g
ij ∂
∂xi
⊗ ∂
∂xj
:= g−1) is the mean extrinsic curvature of
M in M˜ where L denotes the Lie derivative operator. The vacuum Einstein equations
with a cosmological constant Λ
Rµν(gˆ)− 1
2
R(gˆ)gˆµν + Λgˆµν = 0 (8)
may now be expressed as the evolution and Gauss and Codazzi constraint equations of
g and k
∂tgij = −2Nkij + (LXg)ij, (9)
∂tkij = −∇i∇jN +N(Rij + τkij − 2kki kjk −
2Λ
n− 1gij) + (LXk)ij, (10)
2Λ = R(g)− |k|2 + (trgk)2, (11)
0 = ∇ikij −∇jτ, (12)
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where τ = trgk. A solution to the Einstein evolution and constraint equations is a
curve t 7→ (g(t), k(t), N(t), X(t)) in Hs × Hs−1 × Hs+1 × Hs+1 (at least in our case
where the local existence theorem holds in this function space) satisfying equations (9)-
(12). The spacetime metric g˜ given in terms of (g,N,X) by (6) solves the Einstein
equation (90) if and only if (g, k,N,X) solves the evolution and constraint equations
(9)-(12). However, the system (9)-(12) is not hyperbolic. We may reduce the system to
a canonical hyperbolic evolution equation for g by fixing gauge. The physical concept
of gauge fixing (spatial and temporal) may be described as follows. Let us first consider
the spatial gauge. With the spacetime topology of R×M , one has the freedom to choose
the spatial slice as long as it is diffeomorphic to a Cauchy hypersurface. Let M be a
Cauchy hypersurface with an induced metric g which together with (k,N,X) satisfies
the Einstein evolution and constraint equations (9-12). Now let φ (t−independent) be
an element of the identity component of the diffeomorphism group (D0) of M . Then
(φ−1)∗g, (φ−1)∗k, (φ−1)∗N = N ◦ φ−1, and φ∗X solves the Einstein equations as well,
where ∗, and ∗ denote the pullback and push-forward operations on the cotangent and
tangent bundles of M , respectively. This is obvious due to the spatial covariant nature
of the evolution and constraint equations. More generally, let the identity component
of the diffeomorphism group act on M by a time dependent element φt. The evolution
equation (9) under the action of φt reads
∂t((φ
−1
t )
∗g)ij = −2(φ−1t )∗)(Nkij) + (Lφt∗X(φ−1t )∗g)ij, (13)
(φ−1t )
∗∂tgij + (∂t(φ−1t )
∗)gij = −2(φ−1t )∗(Nkij) +
∂
∂s
((φ−1t Ψ
X
s φt)
∗(φ−1t )
∗g)|s=0,
(φ−1t )
∗∂tgij + (∂s(φ−1t+s)
∗)gij|s=0 = −2(φ−1t )∗(Nkij) + (φ−1t )∗(LXg)ij,
(φ−1t )
∗∂tgij + (φ−1t )
∗(LY g)ij = −2(φ−1t )∗(Nkij) + (φ−1t )∗(LXg)ij,
(φ−1t )
∗ {∂tgij = −2Nkij + (LX−Y g)ij} .
Here Y is the vector field associated with the flow φt and Ψ
X
s is the flow of the shift vector
field X. A similar calculation for the evolution equation for the second fundamental
form shows that if we make a trasformation X 7→ X + Y , the Einstein evolution and
constraint (due to their natural spatial covariance nature) equations are satisfied by the
transformed fields. The choice of spatial hypersurface is fixed by choosing constant mean
extrinsic curvature spatial harmonic gauge. Mean extrinsic curvature gauge defines a
time function and therefore it is the temporal gauge choice. We briefly describe the
gauge fixing below starting with spatial harmonic gauge. Let φ : (M, g)→ (M,γ) be a
harmonic map. Clearly it satisfies the Euler-Lagrange equations arising from criticality
of the associated Dirichlet energy i.e.,
gij
(
∂2φk
∂xi∂xj
− Γ[g]lij
∂φk
∂xl
+ Γ[γ]kαβ
∂φα
∂xi
∂φβ
∂xj
)
= 0. (14)
Now, we fix the gauge by imposing the condition that φ = id, which leads to the
following equation
−gij(Γ[g]kij − Γˆ[γ]kij) = 0. (15)
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where Γˆ[γ]kij is the connection with respect to some arbitrary background Riemannian
metric γ. Choice of this spatial harmonic gauge yields an elliptic equation for the shift
vector field X after time differentiating equation (15). The spatial harmonic slice is
chosen to have uniform mean extrinsic curvature i.e.,
∂iτ = 0, (16)
and thus τ may play the role of time i.e.,
t = monotonic function of τ, (17)
and in this case, we choose t = τ . Choice of the Constant mean extrinsic curvature gauge
(CMC) yields an elliptic equation for the lapse N . Note that we do not have evolution
equations for the lapse and shift. However, they are constrained by the elliptic equations
obtained through gauge fixing which together with the evolution equations for g and k
comprises the full ‘Einstein-Λ’ system
∂tgij = −2Nkij + (LXg)ij, (18)
∂tkij = −∇i∇jN +N(Rij + τkij − 2kki kjk −
2Λ
n− 1gij − αij) (19)
+ (LXk)ij,
∂τ
∂t
= ∆gN + (kijk
ij − 2Λ
n− 1)N, (20)
∆gX
i −RijXj + LXV i = (∇iN)τ − 2∇jNkij + (2Nkjk (21)
−2∇jXk)(Γ[g]ijk − Γˆ[γ]ijk)− gjk∂tΓˆ[γ]ijk,
where αij =
1
2
(∇iVj +∇jVi) and −V i is the tension field defined as
V i = gjk(Γ[g]ijk − Γˆ[γ]ijk). (22)
In addition, we also have the constraints
2Λ = R(g)− |k|2 + (trgk)2, (23)
0 = ∇ikij, (24)
which are conserved throughout the term of evolution as a consequence of the Bianchi
identity. V i = 0 essentially corresponds to the spatial harmonic gauge. This Cauchy
problem with constant mean extrinsic curvature and spatially harmonic gauge is referred
to as ‘CMCSH Cauchy’ problem.
2.1. local well-posedness and gauge conservation
[5] proved a well-posedness theorem for the Cauchy problem for a family of elliptic-
hyperbolic systems that included the ‘n+1’ dimensional vacuum Einstein equations in
CMCSH gauge. [14] sketched how to apply the theorem of [5] to a gauge fixed system
of ‘Einstein-Λ’ field equations. Since the ‘Einstein-Λ’ field equations only differ from
the vacuum equations by the addition of some rather innocuous linear terms, most of
the technicalities of this extended application of their theorem are straightforward to
verify. There are however a couple of subtle points involving the elliptic equations for
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the lapse function and the shift vector field. Firstly, inclusion of Λ > 0 seemingly creates
an obstruction to achieving a trivial kernel for the lapse equation (20). However, note
that we are primarily interested in negative Yamabe manifolds (see [13] and [14] for
the relevant definitions) and therefore the scalar curvature R(g) can never be positive
everywhere on M yielding the following range of allowed mean extrinsic curvature (for
cosmologically expanding solutions) by virtue of the Hamiltonian constraint
−∞ < τ < −
√
2nΛ
n− 1 . (25)
This condition indeed guarantees a unique positive solution of the lapse equation
(20). Secondly, allowing for the time dependent behavior of the background metric
(a negative Einstein metric in our case) introduces the extra term ‘−gjk∂tΓˆ[γ]ijk’ in
the elliptic equation for the shift vector field. However, our primary concern is the
small perturbations about the background and the term ‘−gjk∂tΓˆ[γ]ijk’ acts as small
perturbation (see lemma (3) and (4) for the relevant estimates). Therefore, the extra
term in the shift equation due to time dependence of the background spatial metric
does not affect the existence and uniqueness results. In a sense, these previous studies
together complete the desired local well-posedness for the ‘Einstein-Λ’ system. For this
reason we shall mostly refer the reader to the relevant sections of [5], [7], and [14] rather
than reiterate the detailed arguments herein.
In addition to proving the local well-posedness of the ‘Einstein-Λ’ quasi hyperbolic
evolution equations, we also need to ensure the conservation of gauges and constraints
i.e., whenever (g, k,N,X) solve the ‘Einstein-Λ’ equations (18-21), the following entities,
if vanishing initially, are zero along the solution curve
A = τ − t, (26)
V i = gjk(Γ[g]ijk − Γˆ[γ]ijk), (27)
F = R(g) + τ 2 − |k|2 −∇iV i − 2Λ, (28)
Di = ∇iτ − 2∇kkki. (29)
One may show by direct calculation using the modified evolution equations (18-19)
that the set of constraint and gauge entities (A, V i, F,Di) satisfy exactly the same
induced evolution equations as those given in equations (4.4a-d) in [5]. Thus the energy
argument in section 4 of this reference goes through unchanged and shows that if
(A,F, V i, Di) = 0 for the initial data (g(t0), k(t0)), then (A,F, V
i, Di) ≡ 0 along the
solution curve (g(t), k(t), N(t), X(t)). This completes the analysis of the desired local
well-posedness and gauge conservation criteria.
3. Re-scaled equations
In this section, we convert the evolution and constraint equations to scale free equations
after rescaling the dimensionful entities by suitable powers of the conformal factor
φ2 = τ 2 − 2nΛ
n−1 (which is strictly positive according to the condition (25)). Before
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rescaling, we observe that the solution of the momentum constraint
∇jkij = 0, (30)
may be written as
k = KTT +
τ
n
g, (31)
where KTT is transverse-traceless with respect to g. We will obtain equations in terms
of KTT . We denote the dimensional entities by a˜sign, while dimensionless entities are
written simply without˜sign for convenience. The re-scaled entities are given as follows
g˜ij =
1
φ2
gij, N˜ =
1
φ2
N, X˜ i =
1
φ
X i, K˜TTij =
1
φ
KTTij , (32)
where φ = −
√
τ 2 − 2nΛ
n−1 such that
φ
τ
> 0. In CMCSH gauge, the re-scaled evolution
and constraint equations may be written as
∂T τ = −φ
2
τ
, (33)
∂Tgij =
2φ(T )
τ(T )
NKTTij − 2(1−
N
n
)gij − φ(T )
τ(T )
(LXg)ij, (34)
∂TK
TT
ij = −(n− 1)KTTij −
φ(T )
τ(T )
N(Rij +
n− 1
n2
gij − αij) (35)
+
φ(T )
τ(T )
∇i∇jN + 2φ(T )
τ(T )
NKTTim K
Tm
j
− φ(T )
nτ(T )
(
N
n
− 1)gij − (n− 2)(N
n
− 1)KTTij −
φ(T )
τ(T )
(LXK
TT )ij,
R +
n− 1
n
− |KTT |2 = 0, (36)
∇jKTT ij = 0. (37)
Here the new time coordinate is defined as
∂T = − φ
2
τ
∂τ (38)
which may be integrated explicitly to yield
φ(T ) = − e−T , (39)
τ(T ) = −
√
e−2T +
2nΛ
n− 1 (40)
with T being Newtonian like i.e., −∞ < T < ∞. Note an important fact that
0 < φ(T )
τ(T )
< 1 and φ(T )
τ(T )
≈
√
n−1
2nΛ
e−T as T → ∞. The re-scaled elliptic equations for
the lapse function and the shift vector field may be expressed as follows
∆gN + (|KTT |2 + 1
n
)N = 1, (41)
φ(T )
τ(T )
(∆gX
i −RijXj + LXV i) =
φ(T )
τ(T )
(2NKTjk − 2∇jXk)(Γ[g]ijk
− Γ[γ]ijk)− (2− n)∇i(
N
n
− 1)− 2φ(T )
τ(T )
∇jNKT ij + gjk∂TΓ[γ]ijk.
Einstein-Λ flow 10
3.1. Background solutions: conformal spacetimes
The fixed point solutions are computed as the solutions of the following set of equations
in CMCSH gauge i.e., by setting V i = 0 and taking τ =a monotonic function of t (t = τ
in this case)
0 =
2φ(T )
τ(T )
NKTTij − 2(1−
N
n
)gij − φ(T )
τ(T )
(LXg)ij, (42)
0 = −(n− 1)KTTij −
φ(T )
τ(T )
N(Rij +
n− 1
n2
gij) +
φ(T )
τ(T )
∇i∇jN (43)
+
2φ(T )
τ(T )
NKTTim K
Tm
j −
φ(T )
nτ(T )
(
N
n
− 1)gij − (n− 2)(N
n
− 1)KTTij
−φ(T )
τ(T )
(LXK
TT )ij,
1 = ∆gN + (|KTT |2 + 1
n
)N, (44)
φ(T )
τ(T )
(∆gX
i −RijXj) =
φ(T )
τ(T )
(2NKTjk − 2∇jXk)(Γ[g]ijk − Γ[γ]ijk) (45)
−(2− n)∇i(N
n
− 1)− 2φ(T )
τ(T )
∇jNKT ij + gjk∂TΓ[γ]ijk.
Contracting equation (42) with KTT , using the momentum constraint ∇jKT ij = 0, and
integrating over M , we obtain∫
M
2φ(T )
τ(T )
NKTT ·KTTµg = 0. (46)
Standard maximum principle arguments for the elliptic equation (41), yield estimates
for the re-scaled lapse
0 <
1
sup(|KTT |2) + 1
n
≤ N ≤ n (47)
which, together with equation (46) implies
KTT ≡ 0 (48)
on M . From the lapse equation (41), we immediately obtain
N = n (49)
on M . Substituting equations (48) and (49) into equation (42) leads to
LXg|KTT=0 = 0, (50)
which implies that the shift vector field is a generator of the isometry group of M.
After substituting the available variables into the fixed point equation of the transverse
traceless second fundamental form (43), we obtain the re-scaled metric to be a negative
Einstein metric
Rij(g) = −n− 1
n2
gij. (51)
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Now, the isometry group of compact manifold M with negative Ricci curvature is
discrete. Therefore, the existing Killing fields are only trivial i.e., X = 0. A sketch of
the proof is as follows. The divergence of the Killing equation along with commutation
of covariant derivative yields
−∆gX i +RijXj +∇i∇jXj = 0. (52)
The trace of the Killing equation provides ∇iX i = 0 and therefore, after multiplying
both sides of equation (52) with Xi and integrating over M , the following expression is
obtained ∫
M
[∇jXi∇jX i + n− 1
n2
gijX
iXj]µg = 0 (53)
which implies
X ≡ 0 (54)
everywhere on M . One observes that the unknowns obtained from the momentum
constraint and the dynamical equations satisfy the Hamiltonian constraint. Therefore,
we have proved the following theorem
Theorem 1. Let M be a closed (compact without boundary) connected orientable n-
manifold, n ≥ 3, of negative Yamabe type. Then the fixed point solutions of the re-scaled
‘Einstein-Λ’ flow (42-45) on (T−, T+)×M, −∞ ≤ T− < T+ ≤ ∞, have the Cauchy data
(g,KTT , N,X)=(g0, K
TT
0 , N0, X0) which satisfy the following equations:
Rij(g0) = −n−1n2 g0, KTT = 0, N0 = n, X0 = 0.
For convenience, we may replace g0 by γ with
Rij(γ) = − n− 1
n2
γij, (55)
The physical variables are then given by
g˜ij =
1
φ2
gij =
1
τ 2 − 2nΛ
n−1
γij, (56)
N˜ =
N
τ 2 − 2nΛ
n−1
=
n
τ 2 − 2nΛ
n−1
, (57)
X˜ i =
X i√
τ 2 − 2nΛ
n−1
= 0. (58)
If M admits an Einstein metric γ, then the corresponding re-scaled variables
(γ, 0, n, 0) provide constant mean extrinsic curvature Cauchy data (g,K,N,X) through
equations (50-53) for a vacuum spacetime with a positive cosmological constant on
(−∞,−
√
2nΛ
n−1)×M, locally expressible as
ds2 = − n
2
(τ 2 − 2nΛ
n−1)
2
dτ 2 +
1
(τ 2 − 2nΛ
n−1)
γijdx
idxj. (59)
This so called ‘trivial’ evolution exists for n=3 if and only if the spatial manifold M
is hyperbolizable (by the Mostow rigidity theorem). For n > 3, the existence of a
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negative Einstein space is sufficient to guarantee the existence of this Cauchy data.
This is the isolated fixed point for n=3 and is in general non-isolated (by virtue of non-
trivial Einstein moduli spaces) for n > 3. The spacetime (59) admits a globally defined
time-like conformal Killing field Y =
√
τ 2 − 2nΛ
n−1∂τ i.e.,
LY g
n+1 = − 2τ√
τ 2 − 2nΛ
n−1
gn+1. (60)
We therefore designate these spacetimes as ‘conformal spacetimes’. A summary of the
results obtained so far yields the following theorem
Theorem 2. Let M be a closed connected oriented n-manifold of negative Yamabe type.
The fixed points of the non-autonomous re-scaled ‘Einstein-Λ’ evolution and constraint
equations on (−∞,−
√
2nΛ
n−1) ×M with the gauge condition t = τ and spatial harmonic
slice gauge condition are the ‘trivial’ spacetimes given by (59). Such spacetimes admit
Y =
√
τ 2 − 2nΛ
n−1∂τ as a globally defined time-like conformal Killing vector field.
3.2. Linear stability of the conformal spacetimes
[14] constructed the following reduced Hamiltonian (while expressed as a functional of
the reduced phase space variables)
Hreduced =
2(n− 1)
n
∫
M
∂τ
∂t
µg > 0 (61)
of the dynamics which was shown to decay monotonically along the solution curves
and achieve its infimum precisely for the conformal spacetimes described by equation
(59). Such a reduced Hamiltonian plays the role of a weak Lyapunov function of
the reduced dynamics, which indicates that these background solutions may be stable
against perturbations. Motivated by this notion we conduct a linear stability analysis
of the re-scaled equations about the background solutions. Let the perturbation be
(hij = δgij, δK
TT
ij = K
TT
ij , δN, δX
i). However, δN and δX i satisfy elliptic equations from
which we prove that they vanish if the background metric is negative Einstein (which is
the case here). We state and prove the following lemma regarding the vanishing of the
perturbations to the lapse function and the shift vector field.
Lemma 1: Let M be a closed connected oriented n-manifold of negative Yamabe type.
The fixed points of the non-autonomous re-scaled ‘Einstein-Λ’ evolution and constraint
equations on (−∞,−
√
2nΛ
n−1) ×M with the gauge condition t = τ and spatial harmonic
slice gauge condition are the ‘trivial’ spacetimes given by (59). Let the perturbations
about these background solutions be (hij, δpi
T ij, δN, δX i). Then δN ≡ 0 and δX i ≡ 0
everywhere on M.
Proof: Perturbation of the lapse equation leads to
∆γδN +
1
n
δN = 0. (62)
Application of the standard maximum principle immediately yields δN ≡ 0 everywhere
on M, which completes the proof of the first part. Perturbation of the shift equation
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yields
∆γδXi −R[γ]ijδXj = 0. (63)
Now, multiplying both sides with δX i and integrating over closed M , we obtain∫
M
(
δX i∆γδXi − δX iR[γ]ijδXj
)
µγ = 0, (64)∫
M
(∇[γ]iδXj∇[γ]iδXj −R[γ]ijδX iδXj)µγ = 0. (65)
Substituting Rij[γ] = −n−1n2 γij yields∫
M
(
∇[γ]iδXj∇[γ]iδXj + n− 1
n2
gijδX
iδXj
)
µγ = 0, (66)
which implies δX i ≡ 0 everywhere on M, completing the second part of the proof. With
the results δN = 0 = δX i, the spacetime perturbations (at the linear level) reduce to
(hij, K
TT
ij , 0, 0). In the next lemma, we prove that utilizing the constraint and gauges,
the perturbations hij to the spatial metric may be reduced to pure transverse-traceless
form with respect to the background metric.
Lemma 2: Let the perturbations describing the dynamics be (hij, K
TT
ij ). Full-filling the
Hamiltonian constraint by the perturbed data (gij = γij + hij, K
TT
ij = 0 + K
TT
ij ) through
the constant mean extrinsic curvature spatial harmonic gauge implies the transverse-
traceless property of the metric perturbations.
Proof: Variation of Hamiltonian constraint (36) reads
DR · h = 0, (67)
which upon using the expression of the Frechet derivative of R yields
∆γtrγh+∇i∇jhij −R[γ]ijhij = 0. (68)
Following the Hodge-like decomposition, we may write the symmetric 2-tensor hij as
hij = h
TT
ij + fγij + (LWγ)ij, (69)
where hTT is a symmetric transverse-traceless (w.r.t the background metric γij) 2 tensor
and f and W are a function and vector field lying in suitable function spaces. Upon
substituting decomposition (69) into the variation of the Hamiltonian constraint and
noticing ∆γtrγ(LWγ) +∇i∇j(LWγ)ij −R[γ]ij(LWγ)ij ≡ 0 one arrives at
3∆γf + γ
ij∇i∇jf −R[γ]f = 0, (70)
2∆γf −R[γ]f = 0,
where R[γ] = −n−1
n
. Noting that the operator (2∆γ +
n−1
n
) is invertible, we immediately
obtain
f ≡ 0 (71)
throughout M . The vector field W may be obtained in terms of f through the
following elliptic equation, which follows from the variation of the spatial harmonic
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gauge condition (i.e., variation of the tension field). At the linear level, the gauge
condition ‘id : (M,γ + h)→ (M,γ) is harmonic’ yields
γjk
(
Γ[γ + h]ijk − Γ[γ]ijk
)
= 0, (72)
2∇jhij −∇itrγh = 0,
−∇if − 2∆γW i + 2R[γ]ijW j = 0,
∆γW
i −R[γ]ijW j = −
1
2
∇if. (73)
Now substituting f = 0 and R[γ]ij = −n−1n2 γij, yields
∆γW
i +
n− 1
n2
W i = 0. (74)
Again, invertibility of the operator (∆γ +
n−1
n2
) implies W ≡ 0 throughout M. Therefore,
hij = h
TT
ij , which concludes the proof.
Following the previous lemma, we need only consider the perturbations of the
transverse-traceless type and no information is lost doing so. We will denote hTTij simply
by hij if there is no confusion. Now the linearized equations of motion around the
background solution take the following forms
∂Thij =
2nφ(T )
τ(T )
KTTij , (75)
∂TK
TT
ij = − (n− 1)KTTij −
nφ(T )
τ(T )
(
δRij +
n− 1
n2
hij
)
, (76)
where we have dropped δN and δX i following lemma 1. We may now obtain the wave
equation for the metric perturbation as follows. Using the perturbation to the Ricci
tensor
δRij =
1
2
[−2(n− 1)
n2
hij + (R[γ]kijm +R[γ]kjim)h
km (77)
−∇[γ]m∇[γ]mhij]
along with γijhij = 0, ∇[γ]mhml = 0, and hij = γikγjlhkl 6= δgij, the wave equation for
the metric perturbation takes the form
∂2hij
∂T 2
+
[
(n− 1) + 2nΛ
(n− 1)τ 2
]
∂hij
∂T
(78)
+
φ2(T )
τ 2(T )
n2(∆γhij + (R[γ]kijm +R[γ]kjim)h
km) = 0.
Let the Laplacian be defined as ∆γ = −∇[γ]i∇[γ]i. Utilizing the eigenvalue
equation of the linear differential operator on the right hand side of the previous equation
i.e.,
∆γhij + (R[γ]kijm +R[γ]kjim)h
km = λhij, (79)
the wave equations for the transverse-traceless metric perturbations reduce to the
following set of ordinary differential equations
∂2hij
∂T 2
+
[
(n− 1) + 2nΛ
(n− 1)τ 2
]
∂hij
∂T
+
φ2(T )
τ 2(T )
λn2hij = 0. (80)
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Here, we assume that the negative Einstein spaces are stable, that is, λ ≥ 0. No example
of an unstable, compact, negative Einstein space is known [7]. Therefore we will assume
λ ≥ 0. This leads to the result of [1] in the limit of Λ = 0. The time coordinate T
satisfies the following from equation (38)
−φ
2
τ
∂
∂τ
=
∂
∂T
, (81)
which yields the range of T as (−∞,∞) for τ ∈ (−∞,−
√
2nΛ
n−1). Note that for h in the
kernel of the differential operator i.e., for −∆γhij − (R[γ]kijm + R[γ]kjim)hkm = 0, (i.e.,
λ = 0) the equation reduces trivially to
∂2hij
∂T 2
+
[
(n− 1) + 2nΛ
(n− 1)τ 2
]
∂hij
∂T
= 0, (82)
which yields asymptotic stability following the fact that the damping coefficient is
strictly positive. Asymptotic stability of perturbations lying in the space orthogonal
to the kernel of L may be shown by explicitly constructing a Lyapunov function and
deriving its monotonic decay property in the time future direction. Let us convert the
second order equation (80) to a system of first order equations by substituting hij = u
and
∂hij
∂T
= v
du
dT
= v, (83)
dv
dT
= −
(
(n− 1) + 2nΛ
(n− 1)τ 2
)
v − φ
2(T )
τ 2(T )
λn2u. (84)
Let the Lyapunov function be defined as
E =
1
2
v2 +
1φ2
2τ 2
n2λu2, (85)
the time derivative of which reads
dE
dT
= −
(
(n− 1) + 2nΛ
τ 2(n− 1)
)
v2 − n
2λ
2
4nΛφ2
(n− 1)τ 4u
2 (86)
= − 4nΛ
τ 2(n− 1)(
1
2
v2 +
1φ2
2τ 2
n2λu2)− (n− 1)v2
≤ − 4nΛ
τ 2(n− 1)E
yielding E(T ) . e−2T at T → ∞. Utilizing (83) and (84), we immediately obtain
u . e−nT and v . e−nT at T → ∞. Therefore, the conformal spacetimes (59) are
asymptotically stable under linear perturbations. We may prove the future completeness
of these perturbed spacetimes at the linear level as follows.
In order to establish the future completeness of the spacetime, we need to show
that the length of a timelike geodesic goes to infinity. Let us compute the length of a
timelike geodesic. The following holds for a family of timelike curves c : [a, b]→ R×M
sup
c
∫ b
a
√
(−gˆ(c˙, c˙))dt = dgˆ(a, b) = lgˆ(C), (87)
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where C is the geodesic representative of the family c and gˆ is the spacetime metric. in
the time coordinate dτ
dt
= 1 and −φ
2
τ
d
dτ
= d
dT
, the spacetime metric reads
gˆ = − N˜2dt⊗ dt+ g˜ij(dxi + X˜ idt)⊗ (dxj + X˜jdt) (88)
= − N˜
2φ4
τ 2
dT ⊗ dT + g˜ij(dxi − X
iφ2
τ
dT )(dxj − X
jφ2
τ
dT ).
Define N¯2 := N˜
2φ4
τ2
. The length of a timelike geodesics C = (T, xi) may be computed as
lg˜(C) =
∫ T
a
√(
N¯2 − g˜ijx˙ix˙j
)
dT
′
. (89)
Now if we can show that
(
N¯2 − g˜ijx˙ix˙j
)
is uniformly bounded (below) away from zero,
then it is obvious that the length of C approaches infinity. Note that the problem arises
due to the fact that these family of curves are not necessarily uniformly timelike. Here
we will use a theorem proved in [16], which serves as sufficient condition for the geodesic
completeness. Such condition is satisfied in this particular case and therefore future
completeness holds.
Theorem [16] Sufficient conditions for future timelike and null geodesic completeness
of a regularly sliced spacetime are that
1. |∇N |g is bounded by a function of t which is integrable on [a,∞)
2. |K|g is bounded by a function of t which is integrable on [a,∞) for some a <∞. Note
that both of these conditions are trivially satisfied in our case of linearized perturbations.
We will obtain a separate proof of future completeness in the fully nonlinear case.
Theorem 3: Let M be a closed connected oriented n-manifold of negative Yamabe type.
The background solutions (59) of the Einstein-Λ evolution and constraint equations on
(−∞,−
√
2nΛ
n−1) ×M with the gauge condition t = τ and spatial harmonic slice gauge
condition are stable and future complete against linear perturbations.
4. Fully nonlinear perturbations
Theorem 3 provides us with a notion of stability of the background solutions. However,
it leaves out the fully non-linear evolution of the small perturbations. The reduced
Hamiltonian described in equation (61) is always at hand and may be used to study
fully non-linear and arbitrarily large perturbations. But, it seems to control only the
H1×L2 norm of the reduced phase space data (see [1] and [14] for a definition of reduced
phase space). However, following the local existence theorem developed here, we need to
control the Hs×Hs−1 norm with s > n
2
+ 1, n ≥ 3. Therefore we construct a Lyapunov
function of the dynamics which indeed controls the required Sobolev norm (L2 norm of
the s > n
2
+ 1 spatial derivatives) of the fully non-linear small perturbations. We show
that it decays along the solution curve if we start sufficiently close to the background
spacetime. In addition, as mentioned previously, finite dimensionality of the Einstein
modulli space in the case of higher dimensions (n > 3) has to be addressed carefully in
order to show the attractor property of the centre manifold. However, before doing so,
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a few important geometric notions are to be discussed which have substantial impact
on the stability analysis in the case of the spatial dimension n > 3.
4.1. Deformation space
Here we provide a brief description of the deformation space of the Einstein structure
necessary for the nonlinear analysis. Details can be found in several studies [4, 7].
The background solutions of the Einstein-Λ flow in CMCSH gauge are the conformal
spacetimes as described in the previous section. The spatial metric component of these
conformal spacetimes is a negative Einstein metric i.e., the spatial metric satisfies
Rij(γ) = −n− 1
n2
γij. (90)
Let us denote the space of metrics satisfying equation (90) by Ein−n−1
n2
and consider the
following map
F :M→M′ , (91)
γ 7→ Rij(γ) + n− 1
n2
γij,
whereM′ is a subspace of the space of symmetric (0, 2) tensors. Ein−n−1
n2
= F−1(0) will
be a submanifold ofM provided that the TF−1(0)F is surjective (i.e., F is a submersion).
The differential D(Ric+ n−1
n2
γ) · h may be reduced to a second order elliptic differential
operator acting on the variation h, whose adjoint is injective and thus TF−1(0)F is
surjective. The tangent space of Ein−n−1
n2
may be calculated as the kernel of TγF .
The operator TγF = D(Ric +
n−1
n2
γ) may be decomposed in terms of the Lichnerowicz
type Laplacian L, via
TγF · h = Lh− 2δ∗δh−∇[γ]d(trh), (92)
where Lhij = ∆γhij − 2R[γ]ikjlhkl, (δh)i = ∇[γ]jhij, and (δ∗Y )ij = −12(LY γ)ij. The
space of symmetric 2 tensors S2M may be decomposed as
S2M = CTT (S2M)⊕ (F(M)⊗ γ)⊕ IM(L), (93)
where CTT (S2M), F(M), and IM(L) are the space of symmetric transverse-traceless
2-tensors, the space of functions on M , and the image of the Lie derivative L acting on
γ with respect to a vector field Y ∈ TM (a section of TM to be precise), respectively.
In local co-ordinates, this decomposition may be represented as
hij = h
TT
ij + fγij + (LY γ)ij. (94)
The kernel K(TγF ) at γ ∈ F−1(0) may be obtained through the solution of the following
equation
L(hTT + fγ + LY γ)− 2δ∗δ(hTT + fγ + LY γ) (95)
−∇d(tr(hTT + fγ + LY γ)) = 0,
where we notice that L(LY γ) − 2δ∗δ(LY γ) − ∇d(tr(LY γ)) ≡ 0 and thus LY γ ∈
K(Tγ∈F−1(0)F ). The remaining terms lead to
(LhTT )ij + (∆γf)γij − 2fRij +∇i∇jf +∇j∇if − n∇i∇jf = 0, (96)
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which upon taking the trace yields
2(n− 1)∆γf − 2R(γ)f = 0. (97)
For γ ∈ F−1(0), the scalar curvature R(γ) = −n−1
n
and therefore f = 0 everywhere
on M . The resulting tangent space of Ein−n−1
n2
= F−1(0) consists of the kernel of the
operator L (a subspace of the space of transverse-traceless symmetric 2-tensors) and the
image of the Lie derivative operator with respect to a vector field
TγEin−n−1
n2
= ker(L)⊕ IM(L). (98)
Let γ0 ∈ Ein−n−1
n2
and V be its connected component. Also consider Sγ to be the
harmonic slice of the identity diffeomorphism i.e., the set of γ ∈ Ein−n−1
n2
for which the
identity map Id : (M,γ) → (M,γ0) is harmonic. This condition is equivalent to the
vanishing of the tension field −V k that is
−V k = −γij(Γ[γ]kij − Γ[γ0]kij) = 0. (99)
For γ ∈ Ein−n−1
n2
, Sγ is a submanifold of M for γ sufficiently close to γ0 [7, 14]. The
deformation space N of γ0 ∈ Ein−n−1
n2
is defined as the intersection of the γ0−connected
component V ⊂ Ein−n−1
n2
and the harmonic slice Sγ i.e.,
N = V ∩ Sγ. (100)
N is assumed to be smooth. In the case of n = 3, the negative Einstein structure
is rigid which follows from the Mostow rigidity theorem [2, 11] and this structure
corresponds to the hyperbolic structure up to isometry. For higher genus surfaces Σgenus
(genus > 1) in two dimensions, the deformation space modulo isotopy diffeomorphisms
is the Teichmu¨ller space diffeomorphic to R6genus−6. For n > 3, it is a finite dimensional
submanifold of M. Examples of higher dimensional (n > 3) negative Einstein spaces
with non-trivial deformation spaces include Kahler-Einstein manifolds [8]. [7] provides
the details of constructing numerous negative Einstein spaces through a product
operation. Therefore, we do not repeat the same here. Readers are referred to the
aforementioned paper.
Following equations (98), (99), and (100), the tangent space TγN in local
coordinates is represented as
∂γ
∂qa
= hTT || + LY ||γ, (101)
where hTT || ∈ ker(L) = CTT ||(S2M) ⊂ CTT (S2M), Y ∈ X(M) satisfy
−[∇[γ]m∇[γ]mY i +R[γ]imY m] + (hTT || + LY ||γ)mn(Γ[γ]kmn − Γ[γ0]kmn) = 0,
and, {qa}dim(N )a=1 is a local chart on N , X(M) is the space of vector fields on M (in a
suitable function space setting). Also note that the space of transverse-traceless tensors
may be decomposed as follows
CTT (S2M) = CTT ||(S2M)⊕ CTT⊥(S2M), (102)
where CTT⊥ is the orthogonal complement of ker(L) in CTT (S2M). An important thing
to note is that all known examples of closed negative Einstein spaces have integrable
deformation spaces.
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4.2. Perturbations and shadow gauge
The previous section describes the non-trivial deformation space of a negative Einstein
structure. The presence of a non-trivial deformation space necessitates the consideration
of perturbations L2 orthogonal to the deformation space of the Einstein structures
forming the center manifold of the re-scaled dynamics. Perturbations tangent to the
deformation space are trivially stable at the linear level, which was shown earlier and
will be repeated later as well. For the treatment of the orthogonal perturbations, we
invoke the shadow gauge introduced by [7] in addition to the constant mean curvature
spatial harmonic gauge (CMCSH). Let γ ∈ N and consider metric g ∈⊂ M close to
γ0 such that ||g − γ0||Hs < δ, and ||γ − γ0||Hs < δ imply that ||g − γ||Hs < 2δ through
the triangle inequality. The shadow gauge is defined by requiring that the perturbation
(g − γ) be L2 orthogonal to the deformation space N . Adopting the local coordinate
system {qa}Na=1 on N with N = dim(N ) < ∞, the local basis for the tangent space of
N may be written as ∂γij
∂qa
= hTT || +LY ||γ. The shadow gauge condition is equivalent to
< (g − γ), ∂γ
∂qa
>L2 = 0, (103)∫
M
(gij − γij)∂γ
ij
∂qa
µγ = 0,
where ∂γ
ij
∂qa
= −γimγjn ∂γmn
∂qa
. Technically, this shadow condition is equivalent to γ being
a projection of g onto N . In other words, there is a projection map P :M→ N such
that
γ = P [g]. (104)
Noting that the space N is assumed to have smooth structure, this projection, in a
sense, is a smoothing operation. We call γ the shadow of g. The time derivative of γ in
N may be obtained as
∂γ
∂T
= DP [g] · ∂g
∂T
. (105)
The expression for DP [g] may be obtained by time differentiating the shadow metric
condition i.e.,
d
dT
∫
M
(gij − γij)∂γ
ij
∂qa
µγ = 0, (106)
∫
M
∂Tgij
∂γij
∂qa
µγ +
∫
M
(gij − γij) ∂
∂qb
(
∂γij
∂qa
)
∂qb
∂T
µγ (107)
+
1
2
∫
M
(gij − γij)∂γ
ij
∂qa
γlm
∂γlm
∂qb
∂qb
∂T
µγ −
∫
M
∂γij
∂qb
∂γij
∂qa
∂qb
∂T
µγ = 0,
where the matrix − ∫
M
∂γij
∂qb
∂γij
∂qa
µγ =
∫
M
∂γij
∂qb
γimγjn ∂γmn
∂qa
µγ is invertible due to
∂γij
∂qb
being
a basis for TγN . For the small data limit i.e., (g − γ) < 2δ, δ > 0, the combined matrix
B =
∫
M
(gij − γij)
(
∂
∂qb
(
∂γij
∂qa
) +
∂γij
∂qa
γlm
∂γlm
∂qb
)
µγ (108)
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+
∫
M
µγ
∂γij
∂qb
γimγjn
∂γmn
∂qa
µγ
is invertible as well yielding the following time evolution of the shadow metric γ in the
deformation space
∂qb
∂T
= − (B−1)ba
∫
M
∂Tgij
∂γij
∂qa
µγ, (109)
∂γij
∂T
= − ∂γij
∂qb
(B−1)ba
∫
M
∂Tgmn
∂γmn
∂qa
,
where ∂gmn
∂T
may be obtained from the re-scaled field equation (34). This is again
equivalent to the following projection operation DP : TgM→ TγN
∂γ
∂T
= DP [g] · ∂g
∂T
(110)
In a sense, the following estimate holds
|| ∂γ
∂T
||Hs ≤ C|| ∂g
∂T
||Hs−1 , (111)
for some constant C = C(δ) > 0. More generally, one may have the following estimate
for z ∈ TgU (g ∈ U ⊂M) while considering the projection operation P : TgU → TγN
||DP · z||Hs ≤ C||z||Hs−1 . (112)
In a sense, the projection is a smoothing operation. we are primarily interested in
studying the evolution of sufficiently small however fully nonlinear perturbations under
Einstein-Λ flow. In order to do so, we need to first define the small data. The
background solutions (conformal space-times (59)) may be expressed in terms of the
re-scaled variables (γ,N = n,X i = 0) after dimensionalization by suitable factors of
φ2 = (τ 2− 2nΛ
n−1) > 0. In addition to these three entities, we also have the corresponding
background re-scaled transverse-traceless second fundamental formKTT = 0. Therefore,
the complete set of small data is defined as the difference between the background and
perturbed solutions i.e., (g − γ,KTT , N
n
− 1, X) whose norm is sufficiently small in the
suitable function space.
Now we state and prove a series of important lemmas which shall be required later
to obtain several important estimates.
Lemma 3: Let s > n
2
+ 1, γ0 ∈ Ein−n−1
n2
and N be its integrable deformation space
and γ ∈ N . Also assume g ∈ U ⊂ M and U is a neighborhood of N in M and g ∈ U
satisfies ||g − γ0||Hs < δ > 0. Let z ∈ TgU . Then
γmnDΓimn[γ]DP · z : Hs−1 → Hs (113)
satisfies the following estimate
||γmnDΓimn[γ]DP · z||Hs ≤ C(δ)||γ − γ0||Hs||z||Hs−1 . (114)
with C(δ) > 0.
Proof: Following equation (101), any element belonging to TγN may be written as
h = hTT || + LY ||γ, (115)
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with Y || satisfying
−[∇[γ]m∇[γ]mY ||i +R[γ]||imY ||m] + (hTT || + LY ||γ)mn(Γ[γ]kmn (116)
−Γ[γ0]kmn) = 0.
γmnDΓimn[γ]h for h ∈ TγN may be written as
γmnDΓ[γ]imnh = γ
mnγik (∇[γ]mhkn +∇[γ]nhmk −∇[γ]khmn) (117)
= 2γik∇[γ]nhkn −∇[γ]i(trγh),
from which γmnDΓimn[γ]h
TT || = 0 follows immediately and the remaining terms lead to
the following equation
γmnDΓ[γ]imnh = 2γ
ik∇[γ]n (∇[γ]kYn +∇[γ]nYk)− 2∇[γ]i(∇[γ]mY m)
= 2γik(∇[γ]k∇[γ]nY n +R[γ]mkY m) + 2∇[γ]n∇[γ]nY i − 2∇[γ]i(∇[γ]mY m)
= 2(∇[γ]n∇[γ]nY i +R[γ]imY m)
= 2(LY ||γ + h
TT )mn(Γ[γ]imn − Γ[γ0]imn)
= 2hmn(Γ[γ]imn − Γ[γ0]imn).
Now, using the previous expression, for γ close to γ0, we have the following estimate
||γmnDΓ[γ]imnh||Hs ≤ C||γ − γ0||Hs ||h||Hs−1 (118)
which upon substituting TγN 3 h = DP · z together with (112) yields the required
estimate
||γmnDΓimn[γ]DP · z||Hs ≤ C||γ − γ0||Hs||z||Hs−1 . (119)
We have therefore proved the lemma.
Lemma 4: let s > n
2
+ 1, γ0 ∈ Ein−n−1
n2
, and N be the integrable deformation space
of γ0, and let γ ∈ N be the shadow of g i.e., P [g] = γ, g ∈ U ⊂ M with U being a
neighborhood of N in M and g ∈ U satisfying ||g − γ0||Hs < δ for some δ > 0, then
||gmnDΓimn[γ]DP|gz||Hs ≤ C(δ) (||g − γ||Hs + ||γ − γ0||Hs) ||z||Hs−1 , (120)
for z ∈ TgU .
Proof:
gmnDΓimn[γ]DP|gz = (gmn − γmn)DΓimn|γ ·DP|gz + γmnDΓimn|γ ·DP|gz,
||gmnDΓimn[γ]DP|gz||Hs = ||(gmn − γmn)DΓimn|γ ·DP|gz
+γmnDΓimn|γ ·DP|gz||Hs
≤ ||(gmn − γmn)DΓimn|γ ·DP|gz||Hs + ||γmnDΓimn|γ ·DP|gz||Hs .
Application of lemma 1 in conjunction with (119) yields the desired estimate
||gmnDΓimn[γ]DP|g · z||Hs ≤ C (||g − γ||Hs + ||γ − γ0||Hs) ||z||Hs−1 . (121)
Lemma 5: let s > n
2
+ 1, γ0 ∈ Ein−n−1
n2
, and N be the integrable deformation space
of γ0, and let γ ∈ N be the shadow of g i.e., P [g] = γ, g ∈ U ⊂ M with U being a
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neighborhood of N in M and g ∈ U satisfying ||g− γ0||Hs < δ for some δ > 0, then the
following map
P : Hs+1(X(M))→ Hs−1(X(M)), (122)
X 7→ ∆gX i −R[g]ijXj + (2∇jXk)(Γ[g]ijk − Γ[γ]ijk) (123)
is an isomorphism.
Proof: Let us say ψs is the flow of the shift vector field X and thus a one parameter
group of diffeomorphism of M . Therefore, by ψs, we may push forward and pull back
the sections of the tangent and the co-tangent bundles, respectively. The negative of
the tension vector field is defined as a section of the tangent bundle TM and locally
expressible as
V i = gjk(Γ[g]ijk − Γ[γ]ijk). (124)
The co-vector counterpart of V may be pulled back and dualized as
(ψ∗sV )
i = (ψ∗sg)
jkψ∗s((Γ[g]− Γ[γ])ijk, (125)
= (ψ∗sg)
jk
(
Γ[ψ∗sg]
i
jk − Γ[ψ∗sγ]ijk
)
.
The right hand side follows as a consequence of the tensor transformation property of
the difference of connection coefficients (Γijk). Differentiation with respect to s at s = 0
yields
(
d
ds
(ψ∗sV )
i)|s=0 = d
ds
((ψ∗sg)
jk
(
Γ[ψ∗sg]
i
jk − Γ[ψ∗sγ]ijk
)
)|s=0, (126)
LXV
i =
d
ds
((ψ∗sg)
jk)|s=0
(
Γ[g]ijk − Γ[γ]ijk
)
+gjk
d
ds
(
Γ[ψ∗g]ijk − Γ[ψ∗γ]ijk
) |s=0,
LXV
i = LXg
jk
(
Γ[g]ijk − Γ[γ]ijk
)
+ gjk
d
ds
(
Γ[ψ∗g]ijk − Γ[ψ∗γ]ijk
) |s=0.
Using the formula for the Fre´chet derivative of the connection coefficients, we may obtain
d
ds
Γ[ψ∗sg]|s=0 =
1
2
gim[∇j( d
ds
((ψ∗sg)mk)|s=0) +∇k(
d
ds
((ψ∗sg)jm)|s=0)
−∇m( d
ds
((ψ∗sg)jk)|s=0)]
=
1
2
gim (∇j(LXgmk) +∇k(LXgjm)−∇m(LXgjk))
=
1
2
gim(∇j(∇mXk +∇kXm) +∇k(∇mXj +∇jXm)
−∇m(∇kXj +∇jXk))
=
1
2
(∇(j∇k)X i + gim(Rknjm +Rjnkm)Xn)
=
1
2
(∇[g](j∇[g]k)X i + (R[g]ijnk +R[g]iknj)Xn) ,
where ∇(iXj) is the symmetrization of ∇iXj i..e, ∇(iXj) := ∇iXj +∇jXi. Similarly the
following holds
d
ds
Γ[ψ∗sγ]|s=0 =
1
2
(∇[γ](j∇[γ]k)X i + (R[γ]ijnk +R[γ]iknj)Xn) . (127)
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The previous expressions altogether yield
LXV
i = (−2∇[g]jXk) (Γ[g]ijk − Γ[γ]ijk)+ gjk[∇[g]j∇[g]kX i +R[g]iknjXn
−∇[γ]j∇[γ]kX i −R[γ]iknjXn]
which leads to
∆gX
i −R[g]ijXj + (2∇jXk)(Γ[g]ijk − Γ[γ]ijk) + LXV i (128)
= −gjk(∇[γ]j∇[γ]kX i +R[γ]iknjXn),
or
∆gX
i −R[g]ijXj + (2∇jXk)(Γ[g]ijk − Γ[γ]ijk) (129)
= −gjk(∇[γ]j∇[γ]kX i +R[γ]iknjXn).
upon imposing the spatial harmonic gauge condition V i = 0. Given that we’ve
established the relation (129), it is sufficient to show the injectivity of the map
X 7→ −gjk(∇[γ]j∇[γ]kX i + R[γ]iknjXn) (a map from Hs+1(X(M)) to Hs−1(X(M)))
in order to prove the isomorphism property (then surjectivity will follows from self-
adjointness) of the map P . Let Z ∈ ker(X 7→ −gjk(∇[γ]j∇[γ]kX i +R[γ]iknjXn)) i.e.,
−gjk(∇[γ]j∇[γ]kZi +R[γ]iknjZn) = 0, (130)
which upon multiplying both sides by Zi and integrating over M after imposing V
i = 0
yields ∫
M
(−gjk∇[γ]jZi∇kZi + gjkR[γ]iknjZiZn)µg = 0. (131)
Now g is sufficiently close to γ and Ricγ(Z,Z) = −n−1n2 γ(Z,Z) < 0. Therefore
gjkR[γ]iknjZ
iZn ≤ 0 is satisfied leading to
Z = 0, (132)
and therefore
ker(X 7→ −gjk(∇[γ]j∇[γ]kX i +R[γ]iknjXn)) = {0}.
This concludes the proof that P is an isomorphism between Hs+1 and Hs−1.
Using the previous lemmas, we will prove three additional lemmas which will be
crucial towards proving the stability results.
Lemma 6: Let s > n
2
+ 1. Let Bs,δ(γ0, 0) ⊂ Hs × Hs−1 be a ball of radius δ centered
at (γ0, 0) and (g,K
TT ) ∈ Bs,δ(γ0, 0). Let (τ 2 − 2nΛn−1) > 0, ∂T = −
τ2− 2nΛ
n−1
τ
∂τ = −φ2τ ∂τ ,
and assume that the CMCSH gauge condition is satisfied. Then there exists a constant
C = C(δ) > 0 such that the following inequality holds for any T satisfying −∞ < T1 <
T < T2 <∞
||N
n
− 1||Hs+1 ≤ C||KTT ||2Hs−1 . (133)
Proof : Let’s consider the re-scaled Lapse equation
∆gN + (|KTT |2 + 1
n
)N = 1 (134)
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and substitute Q = N
n
− 1 i.e., N = n(1 +Q). We obtain
∆gQ+ (|KTT |2 + 1
n
)Q = − |KTT |2. (135)
Clearly, as (|KTT |2 + 1
n
) > 0, “∆g + (|KTT |2 + 1n)id” is an isomorphism of Hs+1 onto
Hs−1. Therefore, from the elliptic regularity of “∆g + (|KTT |2 + 1n)id”, we may write
the following inequality [10]
||Q||Hs+1 ≤ C||(∆g + (|KTT |2 + 1
n
)id)Q||Hs−1 , (136)
and using equation (135), we may immediately write
||Q||Hs+1 ≤ C||KTT ||2Hs−1 (137)
or
||N
n
− 1||Hs+1 ≤ C||KTT ||2Hs−1 . (138)
We have thus proved the lemma.
Lemma 7: Let s > n
2
+1. Let Bs,δ(γ0, 0) ⊂ Hs×Hs−1 be a ball of radius δ centered
at (γ0, 0) and (g,K
TT ) ∈ Bs,δ(γ0, 0). Let (τ 2− 2nΛn−1) > 0 and ∂T = −
τ2− 2nΛ
n−1
τ
∂τ = −φ2τ ∂τ ,
0 < φ(T )
τ(T )
< 1, and assume that the CMCSH gauge condition is satisfied. Then there
exists a constant C = C(δ) > 0 such that the following inequality holds for any T
satisfying −∞ < T1 < T < T2 <∞
||X||Hs+1 ≤ C||KTT ||Hs−1 . (139)
Proof: The elliptic equation (45) for the shift X reads
∆g(
φ(T )
τ(T )
X i)−R[g]ij(
φ(T )
τ(T )
Xj) + (2∇j(φ(T )
τ(T )
Xk))(Γ[g]ijk − Γ[γ]ijk) =
φ(T )
τ(T )
(2NKTjk)(Γ[g]ijk − Γ[γ]ijk)− (2− n)∇[g]i(
N
n
− 1)
−2φ(T )
τ(T )
∇[g]jNKT ij + gjk∂TΓ[γ]ijk,
and we have proved in lemma (5) that the operator P : Hs+1 → Hs−1 i.e.,
X i 7→ ∆gX i −R[g]ijXj + 2∇jXk(Γ[g]ijk − Γ[γ]ijk)
is an isomorphism and thus the following estimate holds
||X||Hs+1 ≤ C||∆gX i −R[g]ijXj + 2∇jXk(Γ[g]ijk − Γ[γ]ijk)||Hs−1 .
Therefore, use of the shift equation yields
||φ(T )
τ(T )
X||Hs+1 ≤ ||gmn∂TΓ[γ]imn||Hs . (140)
Note that every term on the right hand side of the equation (140) is of second or higher
order except the last term gjk∂TΓ[γ]
i
jk. Using the estimate (120), and the re-scaled field
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equation (34), and 0 < φ(T )
τ(T )
< 1, we obtain
||gmn∂TΓ[γ]imn||Hs ≤ C(||g − γ||Hs + ||γ − γ0||Hs)(||
φ(T )
τ(T )
X||Hs+1
+||φ(T )
τ(T )
KTT ||Hs−1)
≤ Cφ(T )
τ(T )
(||g − γ||Hs + ||γ − γ0||Hs)(||X||Hs+1 + ||KTT ||Hs−1),
which upon substituting in (140) leads to the desired estimate
||X||Hs+1 ≤ C(||g − γ||Hs + ||γ − γ0||Hs)(||X||Hs+1 + ||KTT ||Hs−1). (141)
Obviously, we can find a constant C = C(δ), such that the following holds for sufficiently
small (||g − γ||Hs + ||γ − γ0||Hs)
C(||g − γ||Hs + ||γ − γ0||Hs) ≤ 1. (142)
Therefore, we have the following estimate for X
||X||Hs+1 ≤ C||KTT ||Hs−1 , (143)
and thus we have proved the lemma.
Finally, we obtain an estimate on the term φ(T )
τ(T )
X + Y ||, which is stated in the next
lemma.
Lemma 8: Let s > n
2
+ 1. Let Bs,δ(γ0, 0) ⊂ Hs × Hs−1 be a ball of radius δ centered
at (γ0, 0) and (g,K
TT ) ∈ Bs,δ(γ0, 0). Let (τ 2− 2nΛn−1) > 0 and ∂T = −
τ2− 2nΛ
n−1
τ
∂τ = −φ2τ ∂τ ,
and assume that the CMCSH gauge condition is satisfied. Then there exists a constant
C = C(δ) > 0 such that the following inequality holds for any T satisfying −∞ < T1 <
T < T2 <∞
||φ(T )
τ(T )
X + Y ||||Hs+1 ≤ Cφ(T )
τ(T )
(||g − γ||2Hs + ||KTT ||2Hs−1) . (144)
Proof: Now let’s consider γ ∈ N . Thus, TγN 3 ∂Tγ may be written as
∂Tγ = h
TT + LY ||γ, (145)
where hTT is a transverse-traceless tensor and Y || solves the following equation
−[∇[γ]m∇[γ]mY i +R[γ]imY m] + (hTT || + LY ||γ)mn(Γ[γ]kmn − Γ[γ0]kmn) = 0.
We have already shown (117) that the following equation holds
γmn∂TΓ[γ]
i
mn = γ
mnDΓ[γ]imn∂Tγ = γ
mnDΓ[γ]imn(h
TT + LY ||γ) (146)
= γmnDΓ[γ]imnLY ||γ = (∇[γ]n∇[γ]nY ||i +R[γ]imY ||m) (147)
Now adding (−∇[γ]n∇[γ]n((φ(T )τ(T )X i) − R[γ]im(φ(T )τ(T )Xm)) to both sides of equation
(140), we obtain
∆g(
φ(T )
τ(T )
X i)−R[g]ij(
φ(T )
τ(T )
Xj) + (2∇j(φ(T )
τ(T )
Xk))(Γ[g]ijk − Γ[γ]ijk)
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+(−∇[γ]n∇[γ]n((φ(T )
τ(T )
X i)−R[γ]im(
φ(T )
τ(T )
Xm)) =
φ(T )
τ(T )
(2NKTjk)(Γ[g]ijk − Γ[γ]ijk)
−(2− n)∇[g]i(N
n
− 1)− 2φ(T )
τ(T )
∇[g]jNKT ij
+gjk∂TΓ[γ]
i
jk + (−∇[γ]n∇[γ]n((
φ(T )
τ(T )
X i)−R[γ]im(
φ(T )
τ(T )
Xm))
=> −gjk(∇[γ]j∇[γ]k(φ(T )
τ(T )
X i) +R[γ]iknj(
φ(T )
τ(T )
Xn)) + (−∇[γ]n∇[γ]n(φ(T )
τ(T )
X i)
−R[γ]im(
φ(T )
τ(T )
Xm)) =
φ(T )
τ(T )
(2NKTjk)(Γ[g]ijk − Γ[γ]ijk)− (2− n)∇[g]i(
N
n
− 1)
−2φ(T )
τ(T )
∇[g]jNKT ij + gjk∂TΓ[γ]ijk + (−∇[γ]n∇[γ]n((
φ(T )
τ(T )
X i)−R[γ]im(
φ(T )
τ(T )
Xm))
=> (−∇[γ]n∇[γ]n(φ(T )
τ(T )
X i)−R[γ]im(
φ(T )
τ(T )
Xm)) =
φ(T )
τ(T )
(2NKTjk)(Γ[g]ijk − Γ[γ]ijk)
−(2− n)∇[g]i(N
n
− 1)− 2φ(T )
τ(T )
∇[g]jNKT ij + gjk∂TΓ[γ]ijk
+(γmn − gmn)(−∇[γ]m∇[γ]n((φ(T )
τ(T )
X i)−R[γ]imjn(
φ(T )
τ(T )
Xj)).
Now adding −(∇[γ]n∇[γ]nY ||i + R[γ]imY ||m) = −γmn∂TΓ[γ]imn to the both sides of
previous equation, we obtain
(−∇[γ]n∇[γ]n(φ(T )
τ(T )
X i + Y ||i)−R[γ]im(
φ(T )
τ(T )
Xm + Y ||m)) (148)
=
φ(T )
τ(T )
(2NKTjk)(Γ[g]ijk − Γ[γ]ijk)− (2− n)∇[g]i(
N
n
− 1)− 2φ(T )
τ(T )
∇[g]jNKT ij
+gmn∂TΓ[γ]
i
mn + (γ
mn − gmn)(−∇[γ]m∇[γ]n((φ(T )
τ(T )
X i)
−R[γ]imjn(
φ(T )
τ(T )
Xj))− γmn∂TΓ[γ]imn
=> (−∇[γ]n∇[γ]n(φ(T )
τ(T )
X i + Y ||i)−R[γ]im(
φ(T )
τ(T )
Xm + Y ||m))
=
φ(T )
τ(T )
(2NKTjk)(Γ[g]ijk − Γ[γ]ijk)− (2− n)∇[g]i(
N
n
− 1)− 2φ(T )
τ(T )
∇[g]jNKT ij
+(γmn − gmn)(−∇[γ]m∇[γ]n((φ(T )
τ(T )
X i)−R[γ]imjn(
φ(T )
τ(T )
Xj))
+(gmn − γmn)∂TΓ[γ]imn.
Now after applying the elementary inequality a+b
2
≥ √ab, a, b > 0 on the product terms
like ||φ(T )
τ(T )
(2KTjk)||Hs−1||(Γ[g]ijk − Γ[γ]ijk)||Hs−1 along with the estimate of Nn − 1 and X,
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and the elliptic regularity of the operator P , we note that every term in the right hand
side of the previous equation contributes to the second order i.e.,
||φ(T )
τ(T )
X + Y ||||Hs+1 ≤ Cφ(T )
τ(T )
(||g − γ||2Hs + ||KTT ||2Hs−1) , (149)
for some C = C(δ) > 0. This concludes the proof of the lemma.
In order to construct a Lyapunov function and to establish its decay property, we
need the evolution equations for the small data (g − γ,KTT ). Through the following
lemmas and utilizing equations (34)-(35), we arrive at the final set of evolution equations
required to define an energy functional (Lyapunov function for small data) and obtain
its estimate.
Lemma 9: Let (g0, K
TT
0 , N,X) = (γ, 0, n, 0) be a fixed point solution of the re-scaled
‘Einstein-Λ’ equations, where R(γ) = −n−1
n2
γ. Define u = g − γ, v = 2nKTT , and
w = N
n
. The ‘Einstein-Λ’ evolution equations are equivalent to the following system
∂Tuij =
φ
τ
wvij − φ
τ
Xm∇[γ]muij − hTT ||ij + 2(w − 1)(uij + γij) (150)
−(Lφ
τ
X+Y ||γ)ij −
φ
τ
(uim∇[γ]jXm + umj∇[γ]iXm),
∂Tvij = −(n− 1)vij − φ
τ
n2wLg,γuij − φ
τ
Xm∇[γ]mvij − 2φ
τ
n2wJij
+
2φ
τ
n2∇i∇jw + φ
τ
wvimv
m
j − 2
φ
τ
(w − 1)(uij + γij)− (n− 2)(w − 1)vij
−φ
τ
(vim∇[γ]jXm + vmj∇[γ]iXm) + 8φ(T )
τ(T )
n3wvimv
m
j ,
where φ2 = τ 2 − 2nΛ
n−1 > 0, v
m
j = g
mlvlj, and ∂T = −φ2τ ∂τ .
Proof : A direct calculation after substituting the transformed variables u = g − γ,
v = 2nKTT , and N = nw along with the fact that 0 6= ∂γ
∂T
∈ TγN and thus
∂γ
∂T
= hTT || + LY ||γ, we thereby obtain the evolution equation for u.
Now, we need the following lemma.
Lemma 10 [7]: The following expression of Rij[g] holds
Rij[g]− αij + n− 1
n2
gij =
1
2
Lg,γ(g − γ)ij + Jij, (151)
where αij =
1
2
(LV g)ij, Lg,γhij = ∆g,γhij−2R[γ]ikjlhkl, ∆g,γhij = − 1µg∇[γ]m(gmnµg∇[γ]nhij),
and Jij satisfies the following estimate
||J ||Hs−1 ≤ C||g − γ||2Hs . (152)
Proof: A direct calculation using the definitions of Lg,γ and ∆g,γ yields the result.
Note that Lγ,γ is just L defined in section (4.1).
Using this lemma (10), the evolution equations follow from a direct calculation.
Lemma 11: The evolution equations for u and v are equivalent to the following system
∂Tu =
φ
τ
wv − φ
τ
Xm∇[γ]mu− hTT || + 2(w − 1)γij + Fu, (153)
∂Tv = − (n− 1)v − φ
τ
n2wLg,γu− φ
τ
Xm∇[γ]mv + Fv, (154)
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where (Fu)ij = 2(w − 1)uij − (Lφ
τ
X+Y ||γ)ij − φτ (uim∇[γ]jXm + umj∇[γ]iXm) and
(Fv)ij = −2φτ n2wJij+ 2φτ n2∇i∇jw+ φτwvimvmj −2φτ (w−1)(uij+γij)−(n−2)(w−1)vij−
φ
τ
(vim∇[γ]jXm + vmj∇[γ]i) + 8φ(T )τ(T )n3wvimvmj , and they satisfy the following estimates
||Fu||Hs ≤ C(φ
τ
||u||2Hs +
φ
τ
||v||2Hs−1 + ||u||3Hs + ||v||3Hs−1), (155)
||Fv||Hs−1 ≤ C(||φ
τ
u||2Hs +
φ
τ
||v||2Hs−1 + ||u||3Hs + ||v||3Hs−1) (156)
Proof: Using the estimates on w − 1 = N
n
− 1, X, and φ
τ
X + Y || (equations (133),
(139), and 144), the estimates on Fu and Fv follow immediately.
Let us now perform the following change of variable v
′
= φ
τ
v. Notice a crucial
fact that there are two timescales involved. These corresponds to the cases φ(T )
τ(T )
> δ
and φ(τ)
τ(T )
< δ, respectively. We will focus on the case φ
τ
> δ since for φ
τ
< δ, the terms
containing φ
τ
becomes negligible compared to the terms free of φ
τ
in the Hs×Hs−1 norm.
In that case, the stability is trivial as the damping coefficient ‘n−1’ dominates. We will
show that the Hs ×Hs−1 norm of the data decays in the time range when φ
τ
> δ which
will in turn be used to obtain the asymptotic stability in the time range φ
τ<δ
(Note that
φ
τ
is a monotonically decaying function of T ). This point is extremely important while
including Λ > 0 in the field equation. Such property do not arise in pure vacuum case
(i.e., vacuum with Λ = 0). The field equations derived in lemma (11) now become the
following
∂Tu = wv
′ − φ
τ
Xm∇[γ]mu− hTT || + 2(w − 1)γij + Fu, (157)
∂Tv
′
= − (n− 1)v′ − 1
τ 2
2nΛ
n− 1v
′ − φ
2
τ 2
n2Lg,γu− φ
τ
Xm∇[γ]mv′ + Fv′ ,(158)
where (Fu)ij = 2(w − 1)uij − (Lφ
τ
X+Y ||γ)ij − φτ (uim∇[γ]jXm + umj∇[γ]iXm) and
(Fv′ )ij = −2φ
2
τ2
n2wJij +
2φ2
τ2
n2∇i∇jw + wv′imv′mj − 2φ
2
τ2
(w − 1)(uij + γij) − (n − 2)(w −
1)v
′
ij− φτ (v
′
im∇[γ]jXm+v′mj∇[γ]i)+8n3wv′imv′mj , and they satisfy the following estimates
||Fu||Hs ≤ C(φ
τ
||u||2Hs +
φ
τ
||v||2Hs−1), (159)
||Fv′ ||Hs−1 ≤ C(||
φ
τ
u||2Hs + ||v
′ ||2Hs−1). (160)
4.3. Linearization
Even though we have already established the linearized stability, we may quickly reprove
the result using the dynamical equations obtained for the perturbations. Here, we
construct an energy functional (Lyapunov function) for the linearized equations, which
will motivate the construction of the energy functional for the fully nonlinear stability
problem. At this point, we have dynamical equations for perturbations both parallel
and perpendicular to N . However, we will see shortly that the parallel component of
the perturbation is trivially stable. Once again the fixed points satisfy
w0 =
N
n
= 1, X i0 = 0, u0 = γ,R(γ) = −
n− 1
n2
γ, v
′
0 = 2n
φ
τ
KTT0 = 0. (161)
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Linearization about these fixed points preserving the gauges and constraints i.e.,
δu = uTT , δv
′
= v
′TT , δw = 0, δX = 0, δ(
φ
τ
X + Y ||) = 0, hTT || = v
′|| (162)
together with the field equations yield
∂Tu
⊥ = v
′⊥, (163)
∂Tv
′|| = − (n− 1)v′|| − 1
τ 2
2nΛ
n− 1v
′||, (164)
∂Tv
′⊥ = − (n− 1)v′⊥ − 1
τ 2
2nΛ
n− 1v
′⊥ − φ
2(T )
τ 2(T )
n2Lγ,γu⊥, (165)
where we have used the L2 orthogonal decomposition uTT = uTT || + uTT⊥, vTT =
vTT ||+vTT⊥, and uTT || = 0 (at the linear level, u is L2 orthogonal toN ). We immediately
obtain as T →∞
v
′||(T ) = e−n(T−T0)v
′||(T0) (166)
The linearized equation for the L2 orthogonal component satisfies the following pdes
(let’s write u⊥ = u and v
′⊥ = v
′
for simplicity)
∂Tu = v
′
, (167)
∂Tv
′
= − (n− 1)v′ − 1
τ 2
2nΛ
n− 1v
′ − φ
2(T )
τ 2(T )
n2Lγ,γu, (168)
where the operator Lγ,γ satisfies the eigenvalue equation
Lγ,γX = λX (169)
with
λ ≥ 0. (170)
Note that the eigentensor corresponding to λ = 0 is tangent to the centre manifold
N . Such perturbations are trivially stable as evident from equation (166). Since, on
the compact manifold, the spectrum of the second order elliptic operator is essentially
discrete, we need to focus on the minimum positive eigenvalue of Lγ,γ. Let the positive
minimum of the spectrum of Lγ,γ be λ0 > 0 i.e., λ > λ0 > 0 ∀ λ ∈ Spec(L). Clearly,
the coupled pde system can be reduced to the following pair of odes
∂Tu = v
′
, (171)
∂Tv
′
= − (n− 1)v′ − 1
τ 2
2nΛ
n− 1v
′ − φ
2(T )
τ 2(T )
n2λu. (172)
In the linearized analysis section, we have already constructed a Lyapunov function for
this system. The most natural energy (Lyapunov function) may be defined as follows
E = 1
2
v
′2 +
n2λφ2(T )
2τ 2(T )
u2. (173)
The energy E is positive semi-definite and vanishes precisely when (u, v′) ≡ 0, that is,
at the fixed points. The time derivative of the energy reads
dTE = v′ dv
′
dT
+
n2λφ2
τ 2
u
du
dT
− 4nΛ
(n− 1)τ 2
n2λ
2
φ2
τ 2
u2 (174)
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= −(n− 1)v′2 − 2nΛ
(n− 1)τ 2v
′2 − φ
2
τ 2
n2λuv
′
+
φ2
τ 2
n2λuv
′ − 2nΛ
(n− 1)τ 2n
2λ
φ2
τ 2
u2
= −(n− 1)v′2 − 2nΛ
(n− 1)τ 2v
′2 − 2nΛ
(n− 1)τ 2n
2λ
φ2
τ 2
u2
≤ − 2nΛ
(n− 1)τ 2 (v
′2 + n2λ
φ2
τ 2
u2)
= − 4nΛ
(n− 1)τ 2E .
Therefore, we observe that in addition to being a monotonically decaying function, the
energy E has exponential decay. As T →∞, we have
E(T ) . e−2T , (175)
which implies
v
′
(T ) . e−T (176)
as T →∞ and following the evolution equation (167), we immediately obtain
u(T ) . e−T . (177)
Now we may substitute this estimate of the decay in the evolution equation (168) along
with φ
2
τ2
∼ e−2T to yield the following as T →∞
v
′
(T ) . e−nT , (178)
which upon utilizing the fact φ(T )
τ(T )
∼ e−T as T →∞ yields the following decay estimates
for u and v = τ
φ
v
′
u(T ) . e−nT , (179)
v(T ) . e−(n−1)T . (180)
Therefore, we ultimately show that the linearized perturbations decay and obtain the
decay estimates. This proves the claim that the background solutions (the conformal
spacetimes) are asymptotically stable against linearized perturbations.
4.4. Non-linear perturbations
From here onward, we will focus on fully non-linear perturbations to the background
solutions. Let us fix a background metric γ0 ∈ Ein−n−1
n2
. Let N be the deformation
space with respect to γ0 and assume γ is close to γ0. There exists a harmonic slice
Sγ ⊂M as the solution of the following equation satisfied by the tension field equation
i.e.,
V i = gjk
(
Γ[g]ijk − Γ[γ]ijk
)
= 0. (181)
We want to consider (g ∈ M, KTT ) which satisfies the constraint equations (36-37)
as well as the harmonicity condition that the idenitity map ‘id : (M, g) → (M,γ)’ is
harmonic. Let us denote this constraint slice by Sc,γ corresponding to Sγ. Following the
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analysis of [15] (see lemma 2.3), we may represent the constraint slice Sc,γ as a graph
over its tangent space, that is, we may write (g,KTT ) ∈ Sc,γ in the following form
g − γ = uTT + z, (182)
2n
φ
τ
KTT =
φ
τ
vTT +
φ
τ
r = v
′TT + r
′
, (183)
where uTT and v
′TT are transverse-traceless with respect to γ with < z|uTT >L2= 0,
< vTT |r >L2= 0, and ||z||Hs ≤ C(||uTT ||2Hs + ||vTT ||2Hs−1), and ||r||Hs−1 ≤ C(||uTT ||2Hs +
||vTT ||2Hs−1) for C > 0. From here onward, we will write u and v (resp. v
′
) for uTT + z
and vTT + r (resp. v
′TT + r
′
), respectively for simplicity.
5. Constructing the Lyapunov functional: definition of Energy
The spectrum of the self-adjoint operator Lg,γ will play a vital role in the definition
of the energy. In general for a closed manifold, the spectrum of Lg,γ is non-negative
(because, we have assumed that the compact negative Einstein spaces are stable) i.e., λ
satisfying
Lg,γX = λX (184)
also satisfies
λ ≥ 0. (185)
We will observe later that λ = 0 case is trivially stable provided the smallness condition
(Hs ×Hs−1 norm) on the initial data is met. Let us re-write down the fully non-linear
evolution equations for (u, v) ∈ Bs,δ(0, 0), φτ > δ
∂Tu = wv
′ − φ
τ
Xm∇[γ]mu− hTT || + 2(w − 1)γij + Fu, (186)
∂Tv
′
= − (n− 1)v′ − 1
τ 2
2nΛ
n− 1v
′ − φ
2
τ 2
n2Lg,γu− φ
τ
Xm∇[γ]mv′ + Fv′ ,(187)
where (Fu)ij = 2(w − 1)uij − (Lφ
τ
X+Y ||γ)ij − φτ (uim∇[γ]jXm + umj∇[γ]iXm) and
(Fv′ )ij = −2φ
2
τ2
n2wJij +
2φ2
τ2
n2∇i∇jw + wv′imv′mj − 2φ
2
τ2
(w − 1)(uij + γij) − (n − 2)(w −
1)v
′
ij − φτ (v
′
im∇[γ]jXm + v′mj∇[γ]i) + 8n3wv′imv′mj , which satisfy the following estimates
||Fu||Hs ≤ C(φ
τ
||u||2Hs +
φ
τ
||v||2Hs−1), (188)
||Fv′ ||Hs−1 ≤ C(||
φ
τ
u||2Hs + ||v
′ ||2Hs−1). (189)
Motivated by the energy associated with the linear stability analysis, we define a natural
wave equation type of energy (can be read off from the evolution equations) as follows
Ei = 1
2
< v
′|Li−1g,γ v
′
>L2 +
n2φ2(T )
2τ 2(T )
< u|Lig,γu >L2 (190)
=
1
2
∫
M
(v
′
ijLi−1gγ v
′
kl)γ
ikγjlµg +
n2φ2(T )
2τ 2(T )
∫
M
(uijLigγukl)γikγjlµg.
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The lowest order term E1 may be explicitly calculated as follows
E1 = 1
2
∫
M
v
′
ijv
′
klγ
ikγjlµg +
n2φ2(T )
2τ 2(T )
∫
M
(∇[γ]muij∇[γ]nuklgmnγikγjl
−2R[γ]i m j numnuklγikγjl)µg. (191)
The total energy may be defined by summing all order energies up to s
Es =
s∑
i=1
Ei. (192)
This energy is positive semi-definite and it vanishes only when (u, v
′
) ≡ 0, that is, on
the centre manifold. We will now check the non-negative definiteness of the hessian of
the energy functional, which will be used to obtain several useful estimates. The first
variation of the energy with δu = h, and δv
′
= k at (0, 0) vanishes
DEs(h, k) = 0, (193)
i.e., (u, v
′
) = (0, 0) is a critical point of Es. The second variation about the critical point
yields
D2Es((h, k), (h, k)) =
s∑
i=1
< k|Li−1γ,γ k >L2 +n2
φ2
τ 2
s∑
i=1
< h|Liγ,γh >L2
and we immediately obtain the positive semi-definiteness of the hessian of energy using
the spectrum of Lγ,γ
D2Es((h, k), (h, k)) ≥ 0 (194)
with equality holding if and only if h = hTT || and k = 0. Therefore (0, 0) is a non-
degenerate critical point of Es. Once we have established the positive semi-definiteness
of the hessian of the energy functional, we use this property to obtain a control of the
desired Hs ×Hs−1 norm of the data (φ
τ
u, v
′
) in terms of the energy. The following two
lemmas will in fact provide such control of the desired norm.
Lemma 12: Let (γ, g,KTT ) be such that (g − γ) satisfies the shadow gauge and
g−γ = u = uTT +z, 2nφ
τ
KTT = v
′
= v
′TT +r. There exists a constant δ > 0 sufficiently
small, and a constant C = C(δ) > 0 such that if (u, v) ∈ Bδ(0, 0) ∈ Hs×Hs−1, v′ = φτ v,
the following estimate holds
||u||||Hs ≤ C
(||u⊥||2Hs + ||v||2Hs−1) . (195)
Proof: Following the shadow gauge (u is L2-orthogonal to N ), we may write
< (g − γ), hTT || + LY ||γ >L2 = 0 (196)
=>< u|| + u⊥ + z, hTT || + LY ||γ >L2 = 0
=>< u||, hTT || >L2 + < z, h
TT || + LY ||γ >L2 = 0
where we have used the facts that < u⊥, hTT || >L2= 0 and < uTT , LY ||γ >L2= 0. Using
the relation obtained, we may say that u|| is a smooth function of z which satisfies
||z||Hs ≤ C(||uTT ||2Hs + ||vTT ||2Hs−1), (197)
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and therefore, u|| satisfies the following estimate
||u||||Hs ≤ C
(||u⊥||2Hs + ||v||2Hs−1) . (198)
Using the above definition of the energy together with the positive definiteness of
its hessian at (0, 0), we have the following crucial lemma which together with the lemma
(12) will yield a control of the Hs×Hs−1 norm of the data (φ
τ
u, v
′
) in terms of the energy.
Lemma 13: Let s > n
2
+1, γ ∈ Ein−n−1
n2
, and Es be the the total energy defined in (192).
Then ∃ δ > 0, C = C(δ) > 0, such that ∀(u, v) ∈ Bδ(0, 0) ∈ Hs ×Hs−1, v′ = φτ v, φτ > δ,
the following estimate holds
||u⊥||2Hs + ||v
′ ||2Hs−1 ≤ CEs. (199)
for φ
τ
> δ.
Proof: We have observed the positive semi-definiteness of the hessian of the energy
functional while restricted to the subspace HsTT = HsTT⊥ ×Hs−1TT (in local co-ordinates
(φ
τ
u⊥, v
′
)). Thus, D2Es : HsTT → Image(D2Es) is an isomorphism leading to the
following inequality
||u⊥||2Hs + ||v
′ ||2Hs−1 ≤ CD2Es · ((h, k), (h, k)), (200)
for some finite C > 0. Now, using the Morse-Palais lemma (in its Hilbert space version)
on the non-degenerate critical point (0, 0), we obtain that there exists a δ > 0 such
that for variations lying within Bδ(0, 0) and restricted to HsTT , the following holds
up to a possibly non-linear diffeomorphism Es = Es(0, 0) + D2Es · ((h, k), (h, k)) =
D2Es · ((h, k), (h, k)) (notice that Es(0, 0) = 0). Therefore, we prove the lemma
||u⊥||2Hs + ||v
′ ||2Hs−1 ≤ CEs. (201)
Using the previous two lemmas (12 and 13), we immediately obtain the following
crucial result
||u||2Hs + ||v
′ ||2Hs−1 ≤ CEs, (202)
which clearly shows that the energy controls the desired norm of the data (u, v
′
).
6. Decay of the energy (or the Lyapunov function)
In this section we study the time evolution of the total energy functional. In order
to obtain the decay property of the energy, we state several lemmas. Utilizing these
lemmas, we compute the time evolution for the lowest order energy and following
analogous calculations, the time evolution of higher order energies is obtained.
Lemma 14: Let s > n
2
+ 1, γ ∈ Ein−n−1
n2
be the shadow of g ∈ M, g − γ =
u, 2nφ
τ
KTT = v
′
= φ
τ
v, and assume there exists a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂
Hs ×Hs−1, φ
τ
> δ, then the following estimates hold
(1)|
∫
M
< Lg,γu, hTT || > µg| ≤ C(φ
τ
||u||3Hs +
φ
τ
||v||3Hs−1), (203)
(2) < u|∂TLg,γu >L2=< ∂Tu|Lg,γu >L2 +C(φ
τ
||u||3Hs +
φ
τ
||v||3Hs−1), (204)
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(3)|
∫
M
< v
′
, v
′
> gij∂Tgijµg| ≤ C||v′||3Hs−1 , (205)
(4)|
∫
M
< u,Lg,γu > gij∂Tgijµg)| ≤ C(φ
τ
||u||3Hs +
φ
τ
||v||3Hs−1), (206)
(5)|
∫
M
φ
τ
< v
′
, Xm∇[γ]mv′ > µg| ≤ C||v′||3Hs−1 , (207)
(6)|
∫
M
< Lg,γu,Xm∇[γ]mu > µg| ≤ C(||u||3Hs + ||v||3Hs−1), (208)
and C = C(δ) > 0.
Proof: (1) Using the self-adjoint property of Lg,γ, we may write∫
M
< Lg,γu, hTT || > µg =
∫
M
< u,Lg,γhTT || > µg. (209)
We have
(∆g,γh)ij = − 1
µg
∇[γ]m (gmnµg(∇[γ]nhij)) (210)
and the definition of Lg,γ
Lg,γhij = ∆g,γhij − 2R[γ]ikjlhkl, (211)
= − gmn(∇[γ]m∇[γ]nhij)− V m∇[γ]mhij − 2R[γ]ikjlhkl,
= − (gmn − γmn)(∇[γ]m∇[γ]nhij)− γmn∇[γ]m∇[γ]nhij
− 2R[γ]ikjlhkl,
= − (gmn − γmn)(∇[γ]m∇[γ]nhij) + Lγ,γhij,
where we have used the identity ∇[γ]m(µgg−1)mn = −V nµg, and set V m = 0. Replacing
h by hTT ||
Lg,γhTT ||ij = −(gmn − γmn)(∇[γ]m∇[γ]nhTT ||ij ) (212)
as a consequence of Lγ,γhTT || = 0. Now we will exploit the shadow gauge condition to
obtain an estimate of hTT ||. The shadow gauge reads
< g − γ| ∂γ
∂qα
>L2 = 0, (213)
< u|hTT ||α + LY ||αγ >L2 = 0 (214)
which upon time differentiation becomes
< ∂Tu|hTT ||α + LY ||αγ >L2 +second order terms = 0,
< wv
′ − φ(T )
τ(T )
Xm∇[γ]mu− hTT || + Fu|hTT ||α + LY ||αγ >L2
+second order terms = 0.
Now, using the estimates on (w − 1), X, and Fu, and the identity < ATT |LZγ >L2= 0
for any transverse-traceless tensor ATT and vector field Z ∈ X(M), we immediately
obtain
< v
′ − hTT |||hTT ||α >L2 +second order terms = 0 (215)
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which leads to
hTT || = v
′|| + second order terms, (216)
where v
′|| is the projection of v
′
onto the subspace of TT tensors belonging to the kernel
of Lg,γ. Now using the equation (212), we observe that every term of < u,Lg,γhTT || >L2
is of at least third order and the following claim follows
|
∫
M
< Lg,γu, hTT || >L2 µg| ≤ C(φ
τ
||u||3Hs +
φ
τ
||v||3Hs−1). (217)
(2) We need the estimate for the term < u|∂TLgγu >L2 . Using the explicit
expression for Lg,γ, we may write
∂TLg,γuij = ∂T
(
∆g,γuij − 2R[γ]ikjlukl
)
, (218)
= ∂T
(−gmn(∇[γ]m∇[γ]nuij)− V m∇[γ]muij − 2R[γ]ikjlukl)
and imposing spatial harmonic gauge V i = 0
∂TLg,γuij = ∂T
(−gmn(∇[γ]m∇[γ]nuij)− 2R[γ]ikjlukl) , (219)
= ∂T (−gmn(∇[γ]m∇[γ]nuij)− 2(DR[γ]ikjl · ∂Tγ)ukl
− 2R[γ]ikjl∂Tukl.
Let the operator gmn∇[γ]m∇[γ]n be denoted as D, then we write
∂TD[g, γ]uij = (∂D[g, γ]
∂g
· ∂Tg + ∂D[g, γ]
∂γ
· ∂Tγ)uij +D[g, γ]∂Tuij (220)
which yields
∂TLg,γuij = Lg,γ∂Tuij − (∂D[g, γ]
∂g
· ∂Tg + ∂D[g, γ]
∂γ
· ∂Tγ)uij (221)
−2(DR[γ]ikjl · ∂Tγ)ukl.
Utilizing the smoothing operation via shadow gauge
||∂Tγ||Hs ≤ C||∂Tg||Hs−1 , (222)
one is led to the conclusion that the term −(∂D[g,γ]
∂g
·∂Tg+ ∂D[g,γ]∂γ ·∂Tγ)uij−2(DR[γ]ikjl ·
∂Tγ)u
kl satisfies a second order estimate. Now notice the following remarkable fact.
Terms like < (w − 1)γ|Lg,γu > contribute up to fourth order since, u = uTT + z with
||z||Hs . (||u||2Hs + ||v||2Hs−1) and therefore, < (w − 1)γ|Lg,γu >. (||u||4Hs + ||v||4Hs−1).
Now utilizing the self adjoint property of Lg,γ and association of a φτ term with each
quadratic term, one immediately obtains the desired result
< u|∂TLgγu >L2 = < ∂Tu|Lg,γu >L2 +C(||u||3Hs + ||v
′||3Hs−1), (223)
which concludes the proof of the second part.
For the rest i.e., (3) − (5), it is clear that each one satisfies a third order
estimate. Straightforward power counting of φ
τ
yields the results. The following lemma
characterizes the temporal behavior of the lowest order energy. The higher order energy
behaviour may be computed in a similar way.
Lemma 15: Let s > n
2
+ 1, γ ∈ Ein−n−1
n2
be the shadow of g ∈ M, and assume there
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exists a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs × Hs−1, v′ = φτ v, φτ > δ, then the
following holds
∂TE1 = −(n− 1) < v′ |v′ >L2 − 2nΛ
(n− 1)τ 2 < v
′ |v′ >L2 (224)
− 2nΛ
(n− 1)τ 2n
2φ
2
τ 2
< u|Lg,γu >L2 +A1,
with A1 satisfying
A1 ≤ C(||φ
τ
u||3Hs + ||v
′||3Hs−1), (225)
and C = C(δ) > 0.
Proof: A direct calculation using equations (157)-(158) yields
∂TE1 =< v′ |∂Tv′ >L2 +n
2φ2
2τ 2
< ∂Tu|Lg,γu >L2 +n
2φ2
2τ 2
< u|∂TLg,γu >L2 ,
−n
2
2
4nΛ
n− 1
φ2
τ 4
< u|Lg,γu >L2
=< v
′ | − (n− 1)v′ − 2nΛ
(n− 1)τ 2v
′ − φ
2
τ 2
n2wLg,γu− φ
τ
Xm∇[γ]mv′
+Fv′ >L2 +
n2φ2
2τ 2
< wv − φ
τ
Xm∇[γ]mu− hTT || + 2(w − 1)γ + Fu|Lg,γu >L2
+
n2φ2
2τ 2
< u|∂TLg,γu >L2 −n
2
2
4nΛ
n− 1
φ2
τ 4
< u|Lg,γu >L2 .
Now utilizing point (2) of lemma (14), we may write the above expression of the time
derivative of the lowest order energy as follows
∂E1
∂T
= −(n− 1) < v′ |v′ >L2 − 2nΛ
(n− 1)τ 2 < v
′ |v′ >L2 (226)
−n2 2nΛ
n− 1
φ2
τ 4
< u|Lg,γu >L2 −φ
τ
< v
′ |Xm∇[γ]mv′ >L2 + < v′|Fv′ >L2
−n2φ
3
τ 3
< Xm∇[γ]mu|Lg,γu >L2 −n
2φ2
τ 2
< hTT |||Lg,γu >L2 +A1.
Note that < (w − 1)γ,Lg,γ >L2 u >L2 satisfies a fourth order estimate due to the fact
that u can be split into a transverse-traceless part and en error term satisfying second
order estimate. Here, A1 satisfies a third order estimate
A1 ≤ C(||φ
τ
u||3Hs + ||v
′ ||3Hs−1). (227)
Notice that the terms φ
τ
< v
′ |Xm∇[γ]mv′ >L2 , < v′|Fv′ >L2 , n2 φ
3
τ3
<
Xm∇[γ]mu|Lg,γu >L2 , and n2φ2τ2 < hTT |||Lg,γu >L2 each satisfies a third order estimate
which clearly follows from lemma (14), that is, points (1), (5), and (6) of the lemma
state the following
|n
2φ2
τ 2
< hTT |||Lg,γu >L2 | ≤ C(||φ
τ
u||3Hs + ||v
′ ||3Hs−1), (228)
|φ
τ
< v
′|Xm∇[γ]mv′ >L2 | ≤ C(||φ
τ
u||3Hs + ||v
′ ||3Hs−1),
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|n2φ
3
τ 3
< Xm∇[γ]mu|Lg,γu >L2 | ≤ C(||φ
τ
u||3Hs + ||v
′ ||3Hs−1).
The term < v
′|Fv′ >L2 clearly satisfies a third order estimate as well due to the fact that
Fv′ satisfies a second order estimate. Utilizing these estimates, we obtain the following
expression for the time derivative of the lowest order energy
∂TE1 = −(n− 1) < v′ |v′ >L2 − 2nΛ
(n− 1)τ 2 < v
′ |v′ >L2 (229)
−n2 2nΛ
n− 1
φ2
τ 4
< u|Lg,γu >L2 +A1
where A1 satisfies
A1 ≤ C(||φ
τ
u||3Hs + ||v
′||3Hs−1). (230)
This proves the lemma.
Now we need to derive the time derivative of the higher order energies in order to
obtain a time evolution of the total energy. In order to do so, we need a few additional
estimates. The next lemma provides the required estimates.
Lemma 16: Let s > n
2
+ 1, γ ∈ Ein−n−1
n2
be the shadow of g ∈ M, and assume there
exists a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs × Hs−1, v′ = φτ v, then the following
estimates hold
(1)|
∫
M
< Lig,γu, hTT || > µg| ≤ C(
φ
τ
||u||3Hs +
φ
τ
||v||3Hs−1), (231)
(2) < u|∂TLigγu >L2=< ∂Tu|Lg,γu >L2 +C(
φ
τ
||u||3Hs +
φ
τ
||v||3Hs−1), (232)
(3)|
∫
M
< v
′
,Li−1g,γ v
′
> gkl∂Tgklµg| ≤ C||v′||3Hs−1 , (233)
(4)|
∫
M
< u,Lig,γu > gkl∂Tgklµg)| ≤ C(
φ
τ
||u||3Hs +
φ
τ
||v′||3Hs−1), (234)
(5)|
∫
M
φ
τ
< Li−1g,γ v
′
, Xm∇[γ]mv′ > µg| ≤ C||v′ ||3Hs−1 , (235)
(6)|
∫
M
< Lig,γu,Xm∇[γ]mu > µg| ≤ C(||u||3Hs + ||v
′ ||3Hs−1) (236)
for 2 ≤ i ≤ s and C = C(δ) > 0.
Proof: Following a calculation analogous to that of lemma (14) and using the
formula for the higher order estimates from section (2) of [5] for s > n
2
+ 1, each of the
claims follows.
Now that we have the necessary estimates, we may obtain the time derivative of
the higher order energies. The following lemma states the time derivative of the higher
order energies.
Lemma 17: Let s > n
2
+ 1, γ ∈ Ein−n−1
n2
be the shadow of g ∈ M, and assume there
exists a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs×Hs−1, v′ = φτ v, then the following holds
for 1 < i ≤ s
∂TEi = −(n− 1) < v′ |Li−1g,γ v
′
>L2 − 2nΛ
(n− 1)τ 2 < v
′ |Li−1g,γ v
′
>L2 (237)
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− 2nΛ
(n− 1)τ 2n
2φ
2
τ 2
< u|Lig,γu >L2 +Ai,
with Ai satisfying
Ai ≤ C(||φ
τ
u||3Hs + ||v
′||3Hs−1), (238)
for C = C(δ) > 0.
Proof: A calculation analogous to that of lemma (15) and the higher order estimates
from lemma (16) directly yield the desired result.
Now that we have concluded with the proofs of the important lemmas, we will
study the time evolution of the total energy. The time derivative of the total energy
may be written using the lemma (15) and (17) as follows
∂E
∂T
= −
(
(n− 1) + 2nΛ
(n− 1)τ 2
) s∑
i=1
< v
′|Li−1g,γ v
′
>L2 (239)
− 2nΛ
(n− 1)τ 2n
2φ
2
τ 2
s∑
i=1
< u|Lig,γu >L2 +
s∑
i=1
Ai,
where each Ai satisfies third order estimate
Ai ≤ C(||φ
τ
u||3Hs + ||v
′||3Hs−1). (240)
The above expression may be rewritten as follows
∂E
∂T
= − 4nΛ
(n− 1)τ 2
(
1
2
s∑
i=1
< v
′|Li−1g,γ v
′
>L2 +
n2
2
φ2
τ 2
s∑
i=1
< u|Lig,γu >L2
)
−(n− 1)
s∑
i=1
< v
′ |Li−1g,γ v
′
>L2 +
s∑
i=1
Ai.
Now notice that zero eigenvalues of Lg,γ would correspond to the trivially stable case
for small data. If (u, v
′
) ∈ ker(Lg,γ), then
∂E
∂T
≤ −
(
2(n− 1) + 4nΛ
(n− 1)τ 2
)
E + CE3/2 (241)
and if the initial data is sufficiently small in Hs × Hs−1, then E(T ) . e−2n(T−T0) as
T → ∞. Therefore, we will focus on perturbations (u, v′), satisfying < v′|Li−1g,γ v′ >L2>
0 ∀1 ≤ i ≤ s (as was argued while checking the positive definiteness of the energy). The
time derivative of the energy satisfies
∂E
∂T
≤ − 4nΛ
(n− 1)τ 2
(
1
2
s∑
i=1
< v
′ |Li−1g,γ v
′
>L2 +
n2
2
φ2
τ 2
s∑
i=1
< u|Lig,γu >L2
)
+
s∑
i=1
Ai
= − 4nΛ
(n− 1)τ 2E +
s∑
i=1
Ai.
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Noting that each of Ai satisfies a third order estimate, we may write the above inequality
as
∂E
∂T
≤ − 4nΛ
(n− 1)τ 2E + CE
3
2 . (242)
One may substitute S =
√E and obtain
∂S
∂T
≤ − 2nΛ
(n− 1)τ 2S + CS
2. (243)
Now consider that we start with initial data (u0, v
′
0, τ0) such that the following holds
CS(u0, v
′
0, τ0)−
2nΛ
(n− 1)τ 20
< 0, (244)
then the inequality (243) implies that S decays initially. If S decays initially, it can only
decay for all time due to the fact that τ 2 is a monotonically decreasing function of T .
The sufficient condition for the decay of energy is therefore
S(u0, v
′
0, τ0) <
2nΛ
C(n− 1)τ 20
, (245)
that is,
E(u0, v′0, τ0) <
4n2Λ2
C2(n− 1)2τ 40
. (246)
Let us assume that the initial data (u0, v
′
0) is chosen to lie in the ballBδ(γ, 0) inH
s×Hs−1
such that E(u0, v′0, τ0) < 4n
2Λ2
C2(n−1)2τ40 is satisfied for suitable δ. Consider β =
2nΛ
(n−1)τ20 > 0
and convert the inequality (243) to the model equation
∂S
∂T
= −βS + CS2, (247)
integration of which yields
S(T ) =
β
C + eβ(T−T0)( β
S(T0)
− C) . (248)
This solution clearly indicates that if S(T0) = S(u0, v
′
0, τ0) <
β
C
, then the solution
decays and since E controls Hs ×Hs−1 norm of (u, v′), we clearly see that (u, v′) decay
as well. Now that we have established that for φ
τ
> δ, u, v
′
decays, we go back to the
energy expression to consider the case φ
τ
< δ. Here, we ignore contribution of the terms
containing φ
τ
and obtain that the energy is just simply
E = 1
2
s∑
i=1
< v
′|Li−1g,γ v
′
>L2 (249)
which controls the Hs−1 norm of v
′
i.e.,
||v′||2Hs . E . (250)
Therefore time derivative of the energy reduces to (using lemma (15) and (17) along
with neglecting the terms containing φ
τ
since now φ
τ
< δ)
∂E
∂T
≤ −
(
2(n− 1) + 4nΛ
(n− 1)τ 2
)
E + CE 32 . (251)
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If E(T1) < 1C2
(
2(n− 1) + 4nΛ
(n−1)τ2
)2
, then E decays. But, this condition is already
satisfied since, E(T0) was chosen to be small enough at the beginning i.e., E(T0) <
4n2Λ2
C2(n−1)2τ40 and it decayed almost exponentially for the time
φ
τ
> δ and therefore it is
even smaller by the time it reaches T1 > T0 such that
φ(T1)
τ(T1)
= δ (notice that initial data
was small enough such that E was decaying). As T →∞, we therefore obtain
E(T ) . e−n(T−T1), (252)
which yields
||v′||Hs−1 . e−n(T−T1), (253)
||φ
τ
v||Hs−1 . e−n(T−T1), (254)
||v||Hs−1 . e−(n−1)(T−T1). (255)
In other words the following estimates hold for 2nKTT = v
||v||Hs−1 = 2n||KTT ||Hs−1 . e−(n−1)(T−T1). (256)
Now we utilize the Hamiltonian constraint
R +
n− 1
n
− |KTT |2 = 0 (257)
together with lemma (10) in CMCSH gauge (tension field −V i = 0)
Rij[g]− αij + n− 1
n2
gij =
1
2
Lg,γuij + Jij, ||J ||Hs . ||u||2Hs , (258)
one obtains
||u||Hs . e−2(n−1)(T−T1) (259)
as T →∞. One may trivially obtain L∞ estimate of (u, v) using the Sobolev embedding
on compact domain i.e.,||u||L∞ . ||u||Hs , ||v||L∞ . ||v||Hs−1 for s > n2 + 1. The L∞
estimate reads
||u||L∞ . e−2(n−1)(T−T1), (260)
||v||L∞ . e−(n−1)(T−T1) (261)
as T →∞. Therefore, we obtain the following final improved decay
||g − γ||Hs . e−2(n−1)(T−T1), (262)
||KTT ||Hs−1 . e−(n−1)(T−T1). (263)
An important fact to note is that the term φ
τ
plays a crucial role. It decays like
e−T as T → ∞ and therefore the terms like φ2
τ2
Lg,γu decay rapidly compared to the
terms like v
′
(terms which aren’t being multiplied by powers of φ
τ
) despite being linear
in (u, v
′
). This is in a sense due to the presence of the positive cosmological constant
Λ, that is, none of these asymptotic analyses would apply if Λ = 0 (φ
τ
≡ 1). We
do take the advantage of the asymptotically exponentially decaying property of φ(T )
τ(T )
.
From a physical perspective, a positive cosmological constant (the simplest form of dark
energy) driven accelerated expansion leads to an improved decay of the perturbations.
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In addition, note that the decay estimate is consistent with the linear analysis as one
would expect. In a sense, as long as the initial data is chosen to be small enough in
Hs × Hs−1 norm, the nonlinear feedback terms in the evolution equation decay faster
than the associated linear terms leading to an exponential decay as T → ∞. Once we
have obtained the estimates for the perturbations to the primary dynamical variables
(u, v), the estimates for the lapse function and the shift vector field follow from lemma
(6) and (7), respectively
||N
n
− 1||Hs+1 . e−2(n−1)(T−T1), (264)
||X||Hs+1 . e−(n−1)(T−T1). (265)
We proved earlier that hTT || = φ
τ
v|| up to a second order correction and Y || is estimated
by lemma (8). Therefore, the following holds for hTT || and Y ||
||hTT ||Hs . e−n(T−T1), (266)
||Y ||||Hs+1 . e−n(T−T1). (267)
Utilizing the asymptotic decay estimates for the relevant fields, we therefore obtain
the following theorem regarding the attractor property of the Einstein-Λ flow
Theorem 5: Let (g0, K
TT
0 ) ∈ Bδ(γ0, 0) ⊂ Hs×Hs−1 with γ0 ∈ N and assume the triple
(γ0, g0, K
TT
0 ) satisfies the shadow gauge condition. The Newtonian like time −∞ < T <
∞ is defined as the solution of the equation ∂T = − τ
2− 2nΛ
n−1
τ
∂τ , with τ ∈ (−∞,−
√
2nΛ
n−1)
and Λ > 0 being the mean extrinsic curvature (constant) of the Cauchy hypersurface
M and the cosmological constant, respectively. Let T 7→ (γ(T ), g(T ), KTT (T )) be the
maximal development of the Cauchy problem for the system (33, 34, 35, 36, 37, 41,42)
with shadow gauge condition imposed and initial data (γ0, g0, K
TT
0 ). Then there exists a
γ∗ ∈ N such that the triple (γ, g,KTT )) flows toward (γ∗, γ∗, 0) in the limit of infinite
time that is
lim
T→∞
(γ(T ), g(T ), kTT (T )) = (γ∗, γ∗, 0). (268)
In the limit of infinite time (infinite expansion of the physical metric), the complete
solution satisfies
lim
T→∞
(γ(T ), g(T ), KTT (T ), N(T ), X(T )) = (γ∗, γ∗, 0, n, 0). (269)
In order to establish the future completeness of the spacetime, we need to show that the
length of a timelike geodesic goes to infinity. In other words, the solution of the geodesic
equation must exist for an infinite interval of the affine parameter. Let’s designate the
timelike geodesic by C. The tangent vector α = dC
dλ
= αµ∂µ to C for the affine parameter
λ satisfies gˆ(α, α) = −1, where gˆ is the spacetime metric. As C is causal, we may
parametrize it as (T, Ci), i = 1, 2, 3. We must show that limT→∞ λ(T ) = +∞, that is,
lim
T→∞
∫ T
T0
dλ
dT ′
dT
′
= +∞. (270)
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Noting that α0 = dT
dλ
, we must show
lim
T→∞
∫ T
T0
1
α0
dT
′
= +∞. (271)
We follow the method of [15] to achieve this. Showing that |N¯α0| is bounded and
therefore limT→∞
∫ T
T0
N¯dT
′
= +∞ is enough to ensure the geodesic completeness. We
first show that |N¯α0| is bounded. Let’s consider a co-vector field Zµ = N¯δ0µ in local
coordinates using the n+ 1 decomposition, where δνµ is the Kronecker delta. This shows
that α may be expressed as
α = N¯α0Z +W, (272)
where W ∈ X(M). Noting gˆ(α, α) = −1, we obtain
|Z|2g = N¯2(α0)2 − 1. (273)
Here g is the induced Riemannian metric on M . Clearly we have
|Z|2g < N¯2(α0)2. (274)
Let us compute the entity d(N¯
2(α0)2)
dT
as follows
d(N¯2(α0)2)
dT
=
d
dT
(g˜(α,Z))2 =
2
α0
g˜(α,Z)g˜(α,∇[g˜]αZ), (275)
where, we have used the fact that for C being a geodesic, ∇[g˜]αα = 0 and appealed to
the Koszul formula for the derivative. Using g˜(α,Z) = −N¯α0 and writing the covariant
derivative of the spacetime metric as a direct sum of its projection onto the tangent
space of M and the second fundamental form of M , we obtain
d(N¯2(α0)2)
dT
= −2N¯(α0∇Y N¯ − K˜ijZiZj). (276)
Decomposing K˜ = K˜TT + τ
n
g˜ and noting that τ < 0, we obtain
| d
dT
(ln(N¯2(α0)2))| ≤ 1|N¯α0| ||∇Y N¯ ||L∞;g˜ + ||N¯K˜
TT ||L∞;g˜. (277)
Now, in the time coordinate dτ
dt
= 1 and −φ
2
τ
d
dτ
= d
dT
, the spacetime metric reads
gˆ = −N˜2dt⊗ dt+ g˜ij(dxi + X˜ idt)⊗ (dxj + X˜jdt) (278)
= −N˜
2φ4
τ 2
dT ⊗ dT + g˜ij(dxi − X
iφ2
τ
dT )(dxj − X
jφ2
τ
dT ), (279)
and therefore N¯ = N˜
2φ4
τ2
. Now, we utilize the estimate obtained for the lapse function
and the transverse-traceless second fundamental form. Note that these fields are not
dimensionless and therefore we need to multiply them with suitable powers of 1
φ
= eT (32)
to extract the dimensionless part. We obtain, N¯ = N˜φ
2
|τ | =
N
|τ | and K˜
TT = 1
φ
KTT , where
N and KTT are dimensionless. Utilizing the estimates ||N
n
− 1||Hs+1 . e−2(n−1)T and
||KTT ||Hs−1 . e−(n−1)T (for s > n2 + 1, from Sobolev embedding on a compact domain,
bounded Hs+1 (resp. Hs−1) norm of N (resp. KTT ) implies bounded L∞ norm), we
observe that the following holds
| d
dT
(ln(N¯2(α0)2))| . e−(n−2)T (280)
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(A) (B)
Figure 1. (A) The Hyperbolic geometry (an isolated fixed point) is the attractor of
the Einstein-Λ flow in n = 3. (B) A non-trivial Einstein moduli space leads to the non-
isolated fixed points for n > 3. In such cases, the Einstein spaces are the attractors of
the Einstein-Λ flow. The inner disk sketched here is the deformation space of Einstein
structures i.e., the space N . Solutions lying within N trivially evolve to other solutions
also lying within N . Solutions near to N asymptotically decay to other points of N .
as T →∞ and therefore N¯2(α0)2 is bounded, i.e.,
N¯2(α0)2(T ) ≤ C (281)
for some C < ∞. Therefore, we need to show that limT→∞
∫ T
T0
N¯dT
′
= +∞ in order
to finish the proof of timelike geodesic completeness. Once again using N¯ = N|τ | , the
estimate (47)
0 <
1
sup(|KTT |2) + 1
n
≤ N ≤ n, (282)
and ||KTT ||Hs−1 . e−(n−1)T as T →∞, we clearly see that N is bounded from below by
a strictly positive number and therefore
lim
T→∞
∫ T
T0
N¯dT
′
= +∞. (283)
Therefore, the solution of the geodesic equation must exist for a semi-infinite interval
of the affine parameter. This completes the proof timelike geodesic completeness. The
case of null geodesics can be handled exactly the same way.
This proves the future completeness of this family of spacetimes. Previous analysis
together with the attractor property stated in theorem 5 yields the following global
existence theorem.
Theorem 6: Let N be the integrable deformation space of γ0. Then ∃δ > 0 such that
for any (g(T0), K
TT (T0)) ∈ Bδ(γ0, 0) ⊂ Hs ×Hs−1, with the triple (γ0, g(T0), KTT (T0))
satisfying the shadow gauge condition, the Cauchy problem for the re-scaled Einstein-Λ
system with constant mean extrinsic curvature (CMC) and spatial harmonic (SH) gauge
is globally well posed to the future and the space-time is future complete.
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7. Concluding remarks
We have proved a global existence theorem for sufficiently small however fully nonlinear
perturbations of a family of background solutions (conformal spacetimes) derived from
Einstein’s equations in the presence of a positive cosmological constant. However, our
current result assumes the initial data to be within a small neighbourhood (in the proper
function space setting) of the background solutions, and as such is very far from stating
a global result for arbitrarily large data. Nevertheless, several interesting physically
relevant features are revealed through the analysis. Firstly, consider the case of n = 3
i.e., the physical spacetimes. Following Mostow rigidity, the Einstein moduli space
consists of a single point that corresponds to the hyperbolic geometry. Therefore, the
background spacetime is essentially foliated by compact hyperbolic manifolds which
are locally homogeneous and isotropic thereby conforming to the cosmological principle
(astronomical observations that motivate the cosmological principle are local). Notice
that if we start with an inhomogeneous anisotropic initial spatial metric sufficiently
close to the background (in suitable function space settings), this metric does not only
remain within a bounded neighbourhood of the background, it actually approaches
the background asymptotically. In addition, recent astronomical observations support
the claim that the spatial slice of the physical universe is indeed negatively curved
(slightly). This notion together with our result opens up the possibility of a rather
exotic spatial topology of the universe (hyperbolic 3-manifolds are topologically rich).
Of course, our result can only provide an indication of such a claim being true. A
complete analysis would entail inclusion of suitable matter sources on the one hand
and treating arbitrarily large data perturbations on the other. While [22] proved the
non-linear stability of the small perturbations to the FLRW background solutions in
the presence of irrotational perfect fluid and a positive cosmological constant on T 3×R
(and therefore flat spatial topology), such non-linear stability of spacetimes foliated
by compact hyperbolic manifolds (which is of physical interest) is still open. A linear
stability of such spacetimes in the presence of a perfect fluid and Λ > 0 (compact
variants of the k = −1 FLRW model) is under preparation by the current author. [21]
has recently studied the asymptotic behavior of a universe filled with matter sources
satisfying suitable energy conditions and a positive cosmological constant based on a
monotonic decay property of a suitably constructed Lyapunov function. While such a
Lyapunov function can treat arbitrarily large data, it can only control the lowest order
norm (H1 × L2) of the data and therefore, is unable to state a result regarding global
existence. In a sense, any definite result regarding the evolution of the physical universe
requires global existence (or blow up in finite time) for large data perturbations.
This question of global existence is far from obvious and an extremely important
(and difficult) open problem in classical general relativity. Global existence is known to
be violated for some known examples of spacetime via formation of black holes. These
include Schwarzschild, Reissner-Nordstro¨m, Kerr spacetimes, where a true curvature
singularity occurs within the event horizon of the black hole. Even in the vacuum
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case, pure gravity could ‘blow up’ i.e., gravitational singularities could prevent global
existence or the spacetime could simply lose the global hyperbolicity through formation
of Cauchy horizons (Taub-NUT spacetimes for example). Of course, such issues lead
to the fundamental question of the Cosmic Censorship conjecture [17], which still
remains open. Available results related to the global existence address rather special
cases such as spacetimes with non-trivial symmetry groups [18, 19, 20] (and which
therefore are not generic) or where a certain smallness condition on the initial data
is assumed [7, 15]. There is however a rather ambitious program under development
by Moncrief to control the pointwise (L∞ norm) behaviour of the spacetime curvature
through the use of light cone estimates [23].
An interesting question which arises subsequently is what role can these non-trivial
exotic topologies (H3/Γ, Γ ∈ SO+(3, 1) proper, discrete, and torsion free) play in
answering the question of global existence or finite time blow up. In a sense, can the
topological properties of these interesting manifolds have any control on the fundamental
question of large data global existence (or finite time blow up)? Can the interrelation
between the dynamics and topology provide crucial information to handle the issue of
global existence or finite time blow up, at least in n = 3 dimensions?
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